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TN theories

Class S of 4D N=2 SCFT Tg,n by a compactification of the AN 6D (2,0) 
SCFT on Riemann surface of genus g and with n punctures.

Riemann surface decomposition in pants and tubes.

Building blocks of Gauge theories: matter and color factors.

[Gaiotto 2009]

  SU(N)3 global symmetry

Isolated fixed points

 No N=2 Lagrangian description (N>2)

TN theories are the most general (trifundamental) “matter”.



One open problem (2 incarnations)

The partition function of TN theories on S4

3pt functions of Toda with 3 generic primaries 

AGT

5D partition function on S4 x S1                           q-deformation of Toda CFT

Use topological strings, pay a price:

_______________

The 4D or               limit  is hard!
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Abstract:

In this paper we investigate the relation between conformal blocks of Liouville CFT

and the topological string partition functions of the rank one trinion theory T2. The

partition functions exhibit jumps when passing from one chamber in the parameter space

to another. Such jumps can be attributed to a change of the integration contour in the

free field representation of Liouville conformal blocks. We compare the partition functions

of the T2 theories representing trifundamental half hypermultiplets in N = 2, d = 4 field

theories to the partition functions associated to bifundamental hypermultiplets. We find

that both are related to the same Liouville conformal blocks up to inessential factors. In

order to establish this picture we combine and compare results obtained using topological

vertex techniques, matrix models and topological recursion. We furthermore check that

the partition functions obtained by gluing two T2 vertices can be represented in terms of a

four point Liouville conformal block. Our results indicate that the T2 vertex o↵ers a useful

starting point for developing an analog of the instanton calculus for SUSY gauge theories

with trifundamental hypermultiplets.
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[Alday,Gaiotto,Tachikawa 2009]



Outline

             from web diagrams using the topological vertex formalism.

 Proposal for 3pt functions of q-Toda: 3 generic primaries. 
  N=2 Liouville case 
  symmetries, zeros

 1

 2

 Important check: reproduce free field integral representation! 3
  poles

*

* Up to contours!
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[1906.06351 Coman,EP,Teschner]
And good for              !
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5-brane Webs         

# of external branes - 3 =                                                  
masses and couplings (m’s and g’s) = 8 - 3 = 4 + 1

# of faces = Coulomb branch (a’s) = 1   

The low energy dynamics of 5D theories is encoded in web diagrams:

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

NS5-branes � � � � � � . . . .
D5-branes � � � � . � � . . .

5D Nekrasov from the 
topological vertex formalism

 ex. 
SU(2) 

with Nf=4 5D theories on S1
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# of external branes - 3 = masses = 3(N-1)  (No coupling)

# of faces = Coulomb branch (a’s) = (N-1)(N-2)/2  

m1

m2

m3

n1

n2

n3

l2
l1

l3

a

The TN topological string partition function 
using the topological vertex formalism

5-brane Webs         
The low energy dynamics of 5D TN theories is encoded in the web diagrams:

[Benini,Benvenuti,Tachikawa]



Extra degrees of freedom
[Bao,Mitev,EP,Taki,Yagi]
[Hayashi,Kim,Nishinaka]

When the web diagram has parallel 

external legs, Ztop includes extra d.o.f.

For the TN:
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Only after removing them we get 
the correct 5D partition function 
(with symmetry enhancement)

SU(2) with Nf flavours has ENf +1

 ex. T3 has E6

[Seiberg 1996]
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Abstract

We consider the long-standing problem of obtaining the 3-point functions of Toda CFT. Our
main tools are topological strings and the AGT-W relation between gauge theories and 2D
CFTs. In [1] we computed the partition function of 5D TN theories on S4

⇥ S1 and suggested
that they should be interpreted as the three-point structure constants of q-deformed Toda.
In this paper, we provide the exact AGT-W dictionary for this relation and rewrite the 5D
TN partition function in a form that makes taking the 4D limit possible. Thus, we obtain
a prescription for the computation of the partition function of the 4D TN theories on S4, or
equivalently the undeformed 3-point Toda structure constants. Our formula, has the correct
symmetry properties, the zeros that it should and, for N = 2, gives the known answer for
Liouville CFT.

Zextra =
NY

i<j=1

M(e�R(mi�mj))M(e�R(ni�nj�✏1�✏2))M(e�R(`i�`j)) Ã = e�Ra

[Argyres,Seiberg]



TN partition functions

 (N-1)(N-2)/2 integrals 
= # of faces  

Figure 1: This figure depicts the identification of the ↵ weights appearing on the Toda CFT side with
the position of the flavor branes on the TN side, here drawn for the case N = 5.

which is reflected in the fact that the sum of the weights hi of the fundamental SU(N) representation is
zero. Then the structure constants of three primary operators in the q-Toda theory are given by the TN

partition functions on S4 ⇥ S1 as
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where by “const” we mean a function of ✏1, ✏2 and � that is independent of the mass parameters of the

theory. We stress that the superconformal index ZS
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1

N
is invariant under the a�ne Weyl transformations

(A.12) and that all the non-trivial Weyl transformation properties of the structure constants are captured
by the following special functions:
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with the functions ⌥q defined in (A.34) and the product taken over all positive roots e of SU(N). The
partition function on S4 ⇥S1, or the superconformal index, for the TN theory is given by an integral over
the refined topological string amplitude with an integration measure containing the refined MacMahon
function6 M(t, q) [29]
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Here, we have removed the decoupled degrees of freedom, referred to as “non-full spin content” in [12],
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[Hayashi,Kim,Nishinaka]
[Bao,Mitev,EP,Taki,Yagi]

Figure 4: The left part of the figure shows the strip diagram, while the right one depicts
the dissection of the TN diagram into N strips. The partitions associated with the horizontal,

diagonal and vertical lines are ⌫(j)
i

, µ(j)
i

and �(j)
i

with j = 1, . . . , N � 1, i = 1, . . . , N � j

respectively. The Kähler parameters of the horizontal, diagonal and vertical lines are Q(j)
n;i,

Q(j)
m;i, Q

(j)
l;i respectively with the same range of indices.

where µL+1 = �0 = ;. We refer to [39] for a definition of the topological vertex C�µ⌫ . The full

topological string partition function is then given by

Z
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The strip partition function (66) was computed in [1]. In appendix D, we show that it is useful

to redefine the strip slightly, i.e. to “cut” the TN junction in a di↵erent way by moving some

factors from one strip to its neighbors. These redefinitions do not change the full topological

string partition function of the TN junction. The technical details are left to appendix D.

Combining everything, we obtain
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where we have defined the “perturbative” partition function
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Ã

(r�1)
i Ã
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Ã(r)
i�1Ã
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very similar to the usual perturbative part of Lagrangian theories.

[Iqbal,Vafa 2012]
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The strip partition function (66) was computed in [1]. In appendix D, we show that it is useful

to redefine the strip slightly, i.e. to “cut” the TN junction in a di↵erent way by moving some

factors from one strip to its neighbors. These redefinitions do not change the full topological

string partition function of the TN junction. The technical details are left to appendix D.
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(r)
j�1

Ã
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Ã
(r)
i Ã
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Abstract:

In this paper we investigate the relation between conformal blocks of Liouville CFT

and the topological string partition functions of the rank one trinion theory T2. The

partition functions exhibit jumps when passing from one chamber in the parameter space

to another. Such jumps can be attributed to a change of the integration contour in the

free field representation of Liouville conformal blocks. We compare the partition functions

of the T2 theories representing trifundamental half hypermultiplets in N = 2, d = 4 field

theories to the partition functions associated to bifundamental hypermultiplets. We find

that both are related to the same Liouville conformal blocks up to inessential factors. In

order to establish this picture we combine and compare results obtained using topological

vertex techniques, matrix models and topological recursion. We furthermore check that

the partition functions obtained by gluing two T2 vertices can be represented in terms of a

four point Liouville conformal block. Our results indicate that the T2 vertex o↵ers a useful

starting point for developing an analog of the instanton calculus for SUSY gauge theories

with trifundamental hypermultiplets.
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Figure 4: The left part of the figure shows the strip diagram, while the right one depicts
the dissection of the TN diagram into N strips. The partitions associated with the horizontal,

diagonal and vertical lines are ⌫(j)
i

, µ(j)
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with j = 1, . . . , N � 1, i = 1, . . . , N � j

respectively. The Kähler parameters of the horizontal, diagonal and vertical lines are Q(j)
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l;i respectively with the same range of indices.

where µL+1 = �0 = ;. We refer to [39] for a definition of the topological vertex C�µ⌫ . The full
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The strip partition function (66) was computed in [1]. In appendix D, we show that it is useful

to redefine the strip slightly, i.e. to “cut” the TN junction in a di↵erent way by moving some

factors from one strip to its neighbors. These redefinitions do not change the full topological

string partition function of the TN junction. The technical details are left to appendix D.
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(r)
j

⌘
M

⇣q
t
q

Ã
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Abstract:

In this paper we investigate the relation between conformal blocks of Liouville CFT

and the topological string partition functions of the rank one trinion theory T2. The

partition functions exhibit jumps when passing from one chamber in the parameter space

to another. Such jumps can be attributed to a change of the integration contour in the

free field representation of Liouville conformal blocks. We compare the partition functions

of the T2 theories representing trifundamental half hypermultiplets in N = 2, d = 4 field

theories to the partition functions associated to bifundamental hypermultiplets. We find

that both are related to the same Liouville conformal blocks up to inessential factors. In

order to establish this picture we combine and compare results obtained using topological

vertex techniques, matrix models and topological recursion. We furthermore check that

the partition functions obtained by gluing two T2 vertices can be represented in terms of a

four point Liouville conformal block. Our results indicate that the T2 vertex o↵ers a useful

starting point for developing an analog of the instanton calculus for SUSY gauge theories

with trifundamental hypermultiplets.
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Abstract

We consider the long-standing problem of obtaining the 3-point functions of Toda CFT. Our
main tools are topological strings and the AGT-W relation between gauge theories and 2D
CFTs. In [1] we computed the partition function of 5D TN theories on S4

⇥ S1 and suggested
that they should be interpreted as the three-point structure constants of q-deformed Toda.
In this paper, we provide the exact AGT-W dictionary for this relation and rewrite the 5D
TN partition function in a form that makes taking the 4D limit possible. Thus, we obtain
a prescription for the computation of the partition function of the 4D TN theories on S4, or
equivalently the undeformed 3-point Toda structure constants. Our formula, has the correct
symmetry properties, the zeros that it should and, for N = 2, gives the known answer for
Liouville CFT.

Zextra =
NY

i<j=1

M(e�R(mi�mj))M(e�R(ni�nj�✏1�✏2))M(e�R(`i�`j)) Ã = e�Ra

where µL+1 = �0 = ;. We refer to [39] for a definition of the topological vertex C�µ⌫ . The full topological string partition function is then given by
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The strip partition function (66) was computed in [1]. In appendix D, we show that it is useful to redefine the strip slightly, i.e. to “cut” the TN

junction in a di↵erent way by moving some factors from one strip to its neighbors. These redefinitions do not change the full topological string partition

function of the TN junction. The technical details are left to appendix D. Combining everything, we obtain
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where we have defined the “perturbative” partition function
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(r)
j+1

⌘
, (69)

and the “instanton” one
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we find the exchange identities
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In the 4D limit, it is often useful to use the rescaled N functions that we refer to as “Nekrasov” functions (Q = e��m)
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where, using the parametrization (4), the new functions are given by
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The new function obeys the simpler exchange identities
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TN partition functions

 (N-1)(N-2)/2 integrals 
= # of faces  

Figure 1: This figure depicts the identification of the ↵ weights appearing on the Toda CFT side with
the position of the flavor branes on the TN side, here drawn for the case N = 5.

which is reflected in the fact that the sum of the weights hi of the fundamental SU(N) representation is
zero. Then the structure constants of three primary operators in the q-Toda theory are given by the TN

partition functions on S4 ⇥ S1 as
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where by “const” we mean a function of ✏1, ✏2 and � that is independent of the mass parameters of the
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with the functions ⌥q defined in (A.34) and the product taken over all positive roots e of SU(N). The
partition function on S4 ⇥S1, or the superconformal index, for the TN theory is given by an integral over
the refined topological string amplitude with an integration measure containing the refined MacMahon
function6 M(t, q) [29]
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Figure 4: The left part of the figure shows the strip diagram, while the right one depicts
the dissection of the TN diagram into N strips. The partitions associated with the horizontal,

diagonal and vertical lines are ⌫(j)
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respectively. The Kähler parameters of the horizontal, diagonal and vertical lines are Q(j)
n;i,

Q(j)
m;i, Q
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l;i respectively with the same range of indices.

where µL+1 = �0 = ;. We refer to [39] for a definition of the topological vertex C�µ⌫ . The full
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The strip partition function (66) was computed in [1]. In appendix D, we show that it is useful

to redefine the strip slightly, i.e. to “cut” the TN junction in a di↵erent way by moving some

factors from one strip to its neighbors. These redefinitions do not change the full topological

string partition function of the TN junction. The technical details are left to appendix D.
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Ã

(r�1)
i Ã
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Ã
(r�1)
i�1 Ã

(r�1)
j+1

⌘

M

⇣q
t
q

Ã
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Figure 4: The left part of the figure shows the strip diagram, while the right one depicts
the dissection of the TN diagram into N strips. The partitions associated with the horizontal,

diagonal and vertical lines are ⌫(j)
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, µ(j)
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and �(j)
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with j = 1, . . . , N � 1, i = 1, . . . , N � j

respectively. The Kähler parameters of the horizontal, diagonal and vertical lines are Q(j)
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m;i, Q
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l;i respectively with the same range of indices.

where µL+1 = �0 = ;. We refer to [39] for a definition of the topological vertex C�µ⌫ . The full
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The strip partition function (66) was computed in [1]. In appendix D, we show that it is useful

to redefine the strip slightly, i.e. to “cut” the TN junction in a di↵erent way by moving some

factors from one strip to its neighbors. These redefinitions do not change the full topological

string partition function of the TN junction. The technical details are left to appendix D.
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(r�1)
j

Ã
(r�1)
i�1 Ã
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Figure 4: The left part of the figure shows the strip diagram, while the right one depicts
the dissection of the TN diagram into N strips. The partitions associated with the horizontal,

diagonal and vertical lines are ⌫(j)
i

, µ(j)
i

and �(j)
i

with j = 1, . . . , N � 1, i = 1, . . . , N � j

respectively. The Kähler parameters of the horizontal, diagonal and vertical lines are Q(j)
n;i,

Q(j)
m;i, Q

(j)
l;i respectively with the same range of indices.

where µL+1 = �0 = ;. We refer to [39] for a definition of the topological vertex C�µ⌫ . The full

topological string partition function is then given by
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The strip partition function (66) was computed in [1]. In appendix D, we show that it is useful

to redefine the strip slightly, i.e. to “cut” the TN junction in a di↵erent way by moving some

factors from one strip to its neighbors. These redefinitions do not change the full topological

string partition function of the TN junction. The technical details are left to appendix D.

Combining everything, we obtain
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where we have defined the “perturbative” partition function
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(r�1)
j+1

⌘

M

⇣q
t
q

Ã
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(r)
j

⌘
M

⇣q
t
q

Ã
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very similar to the usual perturbative part of Lagrangian theories.

very similar to the usual instanton part of Lagrangian theories.



TN partition functions
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= # of faces  

Figure 1: This figure depicts the identification of the ↵ weights appearing on the Toda CFT side with
the position of the flavor branes on the TN side, here drawn for the case N = 5.

which is reflected in the fact that the sum of the weights hi of the fundamental SU(N) representation is
zero. Then the structure constants of three primary operators in the q-Toda theory are given by the TN

partition functions on S4 ⇥ S1 as
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where by “const” we mean a function of ✏1, ✏2 and � that is independent of the mass parameters of the

theory. We stress that the superconformal index ZS
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N
is invariant under the a�ne Weyl transformations

(A.12) and that all the non-trivial Weyl transformation properties of the structure constants are captured
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with the functions ⌥q defined in (A.34) and the product taken over all positive roots e of SU(N). The
partition function on S4 ⇥S1, or the superconformal index, for the TN theory is given by an integral over
the refined topological string amplitude with an integration measure containing the refined MacMahon
function6 M(t, q) [29]

ZS
4⇥S

1

TN
=

1

|Zextra|2
I Y

faces

[da] |Ztop|2 (27)

ZS
4⇥S

1

N
= |M(t, q)|(N�1)(N�2)

I N�2Y

i=1

N�1�iY

j=1

"
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The strip partition function (66) was computed in [1]. In appendix D, we show that it is useful

to redefine the strip slightly, i.e. to “cut” the TN junction in a di↵erent way by moving some

factors from one strip to its neighbors. These redefinitions do not change the full topological

string partition function of the TN junction. The technical details are left to appendix D.
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Ã
(r)
i Ã
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Ã(r)
i�1Ã
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Figure 4: The left part of the figure shows the strip diagram, while the right one depicts
the dissection of the TN diagram into N strips. The partitions associated with the horizontal,
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string partition function of the TN junction. The technical details are left to appendix D.

Combining everything, we obtain

Z
top
N

= Z
pert
N

Z
inst
N

, Ztop = ZprodZsum, (68)

where we have defined the “perturbative” partition function

Z
prod
N

=
N�1Y

r=1

N�rY

ij=1

M

⇣
Ã
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Ã
(r)
i�1Ã
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Ã(r)
j
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respectively. The Kähler parameters of the horizontal, diagonal and vertical lines are Q(j)
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l;i respectively with the same range of indices.

where µL+1 = �0 = ;. We refer to [39] for a definition of the topological vertex C�µ⌫ . The full

topological string partition function is then given by
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string partition function of the TN junction. The technical details are left to appendix D.
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Ã
(r)
i Ã
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(r�1)
j+1

⌘
N�r�1Y

ij=1

M

⇣ t

q
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very similar to the usual perturbative part of Lagrangian theories.

very similar to the usual instanton part of Lagrangian theories.

with one crucial difference:

So far, we have no closed expression for the function F3.

We end this section with one last remark. Our claim (11) states that

C(↵1,↵2,↵3) = const⇥ lim
�!0

���3Z
S

4⇥S
1

3 . (115)

We see in (106) that ZS
4⇥S

1

3 is invariant under an E6 symmetry and we saw in section 3.2 that

C is invariant under that symmetry as well. A direct computation shows that �3 given by (83)

�3 = �

3X

i<j=1

⇥
(mi �mj)

2 + (nj � ni)
2 + (li � lj)

2
⇤

(116)

is invariant under the E6 Weyl tranformations (38) as well.

7 Conclusions and Outlook

In [1] we calculated the 5D partition function of the non-Lagrangian TN theories on S4
⇥ S1

using topological strings. In this paper we take the next very important step and argue that it

is possible to take the 4D limit (� ! 0 i.e. q = e��
! 1), thus obtaining the partition function

of the 4D non-Lagrangian TN theories on S4. Taking the 4D limit is not as simple as one might

naively think and it is definitely not as easy as for theories with a Lagrangian description.

The first step in overcoming this di�culty was realizing that one can bring formula (67)

into the form (68) in which the individual building blocks are only the ⌥q functions and the

“Nekrasov functions” NR

µ⌫
for which the 4D limit is well defined as individual functions (165)

(178). Our formula for the partition function (81) is then written as a product of the factors17
��Zpert

N /Zdec
N

��2 and
��Z inst

N

��2. The first factor
��Zpert

N /Zdec
N

��2 could be explicitly brought into a form

that only includes products of the ⌥q functions times a divergent factor of (1� q)�
0
N/✏1✏2 . Thus,

taking the limit is straightforward after we divide by (1 � q)�
0
N/✏1✏2 . However, for the

��Z inst
N

��2

piece we have a further obstacle to overcome. The sums that contain the “Nekrasov functions”

NR

µ⌫
diverge if one naively takes the 4D limit, in contrast with the usual sums in theories with

Lagrangian description. Schematically, instead of having a coupling constant qUV = e2⇡i⌧UV as

for theories with a Lagrangian description, where one can commute the limit with the sum, as

for example in

X

µ

�
q5D
UV

�|µ| NR

µ⌫1
(a1) · · ·N

R

µ⌫L
(aL)

NR

µ�1
(b1) · · ·N

R

µ�L
(bL)

R!0
�!

X

µ

�
q4D
UV

�|µ| Nµ⌫1(a1) · · ·Nµ⌫L(aL)

Nµ�1(b1) · · ·Nµ�L(bL)
(117)

for the case of the TN theories (that are isolated non trivial fixed points) there is no of qUV but

17As we already stress in the main text, using the worlds “perturbative” and “instanton” is an abuse of
terminology.
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rather a combination e��x of the mass parameters (M = e��m) and instead of (117) we have

X

µ

�
e�Rx

�|µ| NR

µ⌫1
(a1) · · ·N

R

µ⌫L
(aL)

NR

µ�1
(b1) · · ·N
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R!0
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X

µ

(1)|µ|
Nµ⌫1(a1) · · ·Nµ⌫L(aL)

Nµ�1(b1) · · ·Nµ�L(bL)
(118)

that makes the sum diverge as �power. Explicitly obtaining this power would require performing

the sums in (??). In this paper we do not do that, except for the N = 2 case where the sum is

given by (176). However, by carefully studying the symmetry properties of the 3-point functions

for general N , the properties of the ⌥q functions and the known N = 2 case we manage to

obtain this power of the divergence (95). Our result is tested against the q-deformed version

of the Fateev-Litvinov formula with one semi-degenerate insertion (57). Combining everything,

we propose that the 4D limit of the superconformal index (82), multiplied with � raised to the

appropriate power ��N , will be finite and equal to the partition function of the TN theory on

S4. Moreover, we explicitly computed in (72) the decoupled part
��Zdec

N

��2 and it is finite after

extracting a divergent factor of � raised to the power 2✏+
P

k
(↵k, ⇢) � �N . Finally, the full

topological string partition function itself is finite after the divergent factor of � to the power

2✏+
P

k
(↵k, ⇢) has been removed.

Via the AGT-W correspondence, we translate our formula for the TN partition function

to the 3-point structure constants of three generic primaries of the Toda field theories, both

for the undeformed (4D AGT-W) as well as for the deformed (5D AGT-W) WN algebra. We

give explicitly the parameter identification from the topological string parameters to the gauge

theory ones in appendix A and then to the 2D Toda parameters in equations (7). We identify

the 3-point structure constants of the Toda CFT with the topological string partition function

in (14). A very nice byproduct of our work is our ability to give the exact definition of the

q-deformed ⌥q functions together the all their factors, which to our knowledge do not appear

in the literature. This discussion appears in appendix C.2.

Moreover, we identified in (13) Cq, the Weyl invariant part of the q-deformed 3-point struc-

ture constants, with the 5D superconformal index Z
S

4⇥S
1

, a powerful gauge theory object18.

This identification allows us to predict that the Weyl invariant part of the q-deformed 3-point

structure constants should have not just SU(N)3 symmetry but also an extended symmetry

as predicted by [67–69] due to the existence of non-trivial UV fixed points for the 5D gauge

theories. We have explicitly checked in the Liouville case that the Weyl invariant part of the

DOZZ formula (34) enjoys SU(4) enhanced symmetry, and that for the N=3 case the Weyl

18The superconformal index in any dimension is the partition function of protected operators and is inde-
pendent of the coupling constants of the theory, implying that it remains invariant under S-duality. In 4D the
superconformal index S3 ⇥ S1 was proven to be equivalent to a 2D TQFT [61–65]. It is very possible that
something very similar will also be proven for the 5D superconformal index S4⇥S1 (see [66] for some progress in
this direction) and thus the Weyl invariant part of the q-deformed 3-point function could be discovered to obey
special properties not visible from the CFT point of view, but realized only once one is using the superconformal
index interpretation.
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For N=2 (Liouville) DOZZ:

For N>2 (Toda) there is NO formula for 3 generic primaries!

[Fateev,Litvinov 2005-2008]

2D CFT Review

[Dorn,Otto] [Zamolodchikov^2]
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Mikhail Isachenkov DESY, Hamburg

Three-point Functions of the Toda CFT

exponential fields correspond to the same ’physical’ field. The primary fields of Toda CFT transform
under an affine Weyl transformations α → w ◦α given in (A.13) as

Vw◦α = Rw(α)Vα (8)

with the reflection amplitude R given by the expression

Rw(α) :=
A(α)

A(w ◦α)
(9)

in terms of the function

A(α) :=
(
πµγ(b2)

) (α−Q,ρ)
b

∏

e>0

Γ (1− b (α−Q, e))Γ
(
−b−1 (α−Q, e)

)
. (10)

The two-point correlation functions of primary fields are fixed by conformal invariance and by the
normalization (5). They read

⟨Vα1(z1, z̄1)Vα2(z2, z̄2)⟩ =
(2π)N−1δ(α1 +α2 − 2Q) +Weyl-reflections

|z1 − z2|4∆(α1)
, (11)

where “Weyl-reflections” stands for additional δ-contributions that come from the field identifications (8).
The coordinate dependence of 3-point functions of primary fields (5) is fixed by conformal symmetry

up to an overall coefficient C(α1,α2,α3) called the 3-point structure constant:

⟨Vα1(z1, z̄1)Vα2(z2, z̄2)Vα3(z3, z̄3)⟩ =
C(α1,α2,α3)

|z12|2(∆1+∆2−∆3)|z13|2(∆1+∆3−∆2)|z23|2(∆2+∆3−∆1)
, (12)

where zij := zi − zj and ∆i is the conformal dimension of the primary Vαi .
Up to now, the CFT machinery has produced expressions only for a restricted subset of 3-point

functions, as well as for some interesting physical limits of those, see [6–8] for the state of the art. The
formula of Fateev and Litvinov [6] which we will quote in a moment gives the Toda structure constants for
the particular semi-degenerate case when one of the fields contains a null-vector at level one, implying that
the corresponding weight becomes proportional to the first ω1 or to the last ωN−1 fundamental weight of
sl(N). Specifically, if one sets3 α1 = NκωN−1, the structure constants read

C(NκωN−1,α2,α3) =
(
πµγ(b2)b2−2b2

) (2Q−
∑3

i=1 αi,ρ)
b ×

×
Υ′(0)N−1Υ(Nκ)

∏
e>0 Υ((Q−α2, e))Υ((Q−α3, e))

∏N
i,j=1 Υ(κ + (α2 −Q, hi) + (α3 −Q, hj))

,

(13)

where the function Υ is an entire function defined in appendix A.3.
Before presenting our formula for the 3-point functions, we need to introduce the q-deformed Toda

theory. Albeit no Lagrangian description of the q-deformed version of Toda field theory has been found
yet, many quantities of this conjectural deformation are algebraically well-defined, in full analogy to the
Toda CFT (see [30] and references therein). While the q-deformed Toda CFTs are vastly unexplored,
for the q-deformed Liouville case a bit more is known [12, 15–28]. The details of our working definition
for the q-deformed Toda are presented in section 3.4 of [1]. The building blocks of our proposal are
q-deformed functions who reproduce the known limit as q := e−β → 1, keep the same symmetries and

3We use a slightly different convention than [6]. One has to rescale κ → κ
N to match the expressions.

4

The state of the art:

After specialisation of one of the 3 primaries:  
                    can be written in terms of known functions!
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(7)

where hi are the weights of the fundamental representation of SU(N). In appendix B the reader

can find all the group theory conventions. In particular, for N = 2, we have

m1 = �m2 = ↵1
1 �

Q

2
, n1 = �n2 = �↵1

2 +
Q

2
, l1 = �l2 = ↵1

3 +
Q

2
, (8)

while for N = 3 we have

m1 = 2↵1
1 + ↵2

1 �Q, m2 = �↵1
1 + ↵2

1, m3 = �↵1
1 � 2↵2

1 +Q, (9)

with similar expressions for the ni and li.

Having set up the parametrization, we are ready to present our full claim. For that it is

important to stress that from the Toda CFT 3-point structure constants C, see (24), we can

extract the Weyl-invariant structure constants C as

C(↵1,↵2,↵3) =

 h
⇡µ�(b2)b2�2b2

i (2Q,⇢)
b

3Y

i=1

Y (↵i)

!
⇥ C(↵1,↵2,↵3), (10)

with the functions Y (↵) defined in (25) encoding all the information about the Weyl transfor-

mation. All the details needed are introduced in section 3. We claim that the exact AGT-W

dictionary relates the Weyl-invariant structure constants C to the 4D TN partition function on

S4 (ZS
4

N
) as

C(↵1,↵2,↵3) = const⇥ Z
S

4

N
(11)

where the constant part can be a function of N and of the Omega deformation parameters but

cannot be a function of the masses. The partition function on S4 itself is obtained from the

partition function on S4
⇥S1, also called the 5D superconformal index, by taking the appropriate

limit when the circumference � of the S1 goes to zero:

Z
S

4

N
= const⇥ lim

�!0
�� �N

✏1✏2 Z
S

4⇥S
1

N
. (12)

The partition function Z
S

4⇥S
1

N
is contained in (81) and the power �N of the divergence in (83).

Moreover, as far as the 5D AGT-W dictionary is concerned, we need (6) to set b = ✏1 = ✏�1
2

5



For N=2 (q-Liouville) q-DOZZ:

For N>2 (q-Toda) can q-deform Fateev, Litvinov: [Mitev, EP]

[Nieri,Pasquetti,Passerini]

No Lagrangian, we only know the q-deformed 
symmetry algebra and representation theory!

Bootstrap! Solve crossing equation!

transformation properties as well as the poles and zeros4 of the undeformed ones. In the Toda CFT,
the dependence on the cosmological constant µ is fully fixed by a Ward identity coming from the path
integral formulation. The absence of a path integral formulation for the q-deformed Toda implies that
such quantities as structure constants of the theory are ambiguous up to a function of µ, b and q. Due to
this, we define the q-deformed structure constants here up to the πµγ(b2) term, having q-deformed only
the part respecting the symmetry b ↔ b−1:

Cq(NκωN−1,α2,α3) ∼=

⎛

⎝
(
1− qb

)2(
1− qb

−1)2b2

(1− q)2(1+b2)

⎞

⎠

(2Q−
∑3

i=1 αi,ρ)
b

×
Υ′

q(0)
N−1Υq(Nκ)

∏
e>0 Υq((Q−α2, e))Υq((Q−α3, e))

∏N
i,j=1 Υq(κ + (α2 −Q, hi) + (α3 −Q, hj))

,

(14)

where the functionΥq is a q-deformation ofΥ, also defined in appendix A.3. To match with the undeformed
Toda structure constants in the limit q → 1, one has to set, respectively:

Cq(α1,α2,α3)
q→1−→

(
πµγ(b2)

)− (2Q−
∑3

i=1 αi,ρ)
b C(α1,α2,α3) . (15)

In our calculations, we will reproduce the q-deformed Fateev-Litvinov formula (14) which then gives the
undeformed one (13) upon taking the limit q → 1 and reintroducing the µ-dependence as in (15).

We finish this section with our proposal for the 3-point function of of generic primary fields of the
Toda theory

C(α1,α2,α3) = const×
(
πµγ(b2)b2−2b2

) (2Q−
∑3

i=1 αi,ρ)
b

× lim
β→0

β−2Q
∑3

i=1(αi,ρ)

∮ N−2∏

i=1

N−1−i∏

j=1

[
dÃ(j)

i

2πiÃ(j)
i

|M(t, q)|2
]
∣∣Ztop

N

∣∣2 (16)

where by “const” we mean an overall function of only b that is independent of the weights of the CFT
primaries. To spell out the details of the right-hand side, in particular the topological string amplitude
Ztop

N , we require some notions and notations which will come in the next section. The impatient reader
may skip the explanations and proceed straight to the formulae (23), (29), (31), (32), (33), (A.1) consulting
also appendices A.3, A.4 for definitions of the encountered special functions.

3 AGT dictionary

According to the AGT-W correspondence [9, 10], the correlation functions of the 2D Toda CFT are
obtained from the partition functions of the corresponding 4D N = 2 gauge theories as

ZS4

=

∫
[da]

∣∣∣Z4D
Nek(a,m, τ, ϵ1,2)

∣∣∣
2
∝ ⟨Vα1(z1) · · ·Vαn(zn)⟩Toda , (17)

where the Omega deformation parameters are related to the Toda coupling constant5 via ϵ1 = b and
ϵ2 = b−1. Moreover, a stands for the set of Coulomb moduli of the theory, m for the masses of the

4To be more precise, the q-deformed functions have a whole tower of zeroes/poles for each zero/pole of the undeformed
function. The tower is generated by beginning with the undeformed zero/pole and translating it by r 2πi

log q = −r 2πi
β , where

r is a positive integer.
5We also use the notation ϵ+ = ϵ1 + ϵ2. When we specialize ϵ1 = b and ϵ2 = b−1 in order to connect the topological

string expressions to the Toda expressions, we have ϵ+ = b+ b−1 = Q.

5

while from (A.28) we take the following shifting identities

M(Ut; t, q) = (Uq; q)∞M(U ; t, q), M(Uq; t, q) = (Uq; t)∞M(U ; t, q) . (A.33)

We define the q-deformed Υ function as

Υq(x|ϵ1, ϵ2) =(1− q)−
1

ϵ1ϵ2
(x−

ϵ+
2 )2

∞∏

n1,n2=0

(1− qx+n1ϵ1+n2ϵ2)(1− qϵ+−x+n1ϵ1+n2ϵ2)

(1− qϵ+/2+n1ϵ1+n2ϵ2)2

=(1− q)−
1

ϵ1ϵ2
(x−

ϵ+
2 )2

∣∣∣∣∣∣
M(q−x; t, q)

M(
√

t
q ; t, q)

∣∣∣∣∣∣

2

,

(A.34)

where we have used the definition (29) for the norm squared. From time to time we will use the short-hand
notation

Λ :=

∣∣∣∣M
(√

t

q
; t, q

)∣∣∣∣
2

. (A.35)

If follows from the definition (A.34) that Υq(ϵ+/2|ϵ1, ϵ2) = 1, that Υq(x|ϵ1, ϵ2) = Υq(ϵ+−x|ϵ1, ϵ2) and that
Υq(x|ϵ1, ϵ2) = Υq(x|ϵ2, ϵ1). Furthermore, from the shifting identities for M, we can easily prove that

Υq(x+ ϵ1|ϵ1, ϵ2) =
(

1− q

1− qϵ2

)1−2ϵ−1
2 x

γqϵ2 (xϵ
−1
2 )Υq(x|ϵ1, ϵ2) , (A.36)

together with a similar equation for the shift with ϵ2. Here, we have used the definition of the q-deformed
Γ and γ functions

Γq(x) := (1− q)1−x (q; q)∞
(qx; q)∞

, γq(x) :=
Γq(x)

Γq(1− x)
= (1− q)1−2x (q

1−x; q)∞
(qx; q)∞

, (A.37)

valid for |q| < 1. They obey Γq(x+ 1) = 1−qx

1−q Γq(x), implying γq(x+ 1) = (1−qx)(1−q−x)
(1−q)2 γq(x). Because of

the normalization of Υq(x|ϵ1, ϵ2) and since the factors of the right hand side of (A.36) have a well defined
limit for q → 1, we find by comparing functional identities that

Υq(x|ϵ1, ϵ2)
q→1−→ Υ(x|ϵ1, ϵ2) :=

Γ2

( ϵ+
2 |ϵ1, ϵ2

)2

Γ2

(
x|ϵ1, ϵ2

)
Γ2

(
ϵ+ − x|ϵ1, ϵ2

) . (A.38)

where Γ2 is the Barnes Double Gamma function. In particular, the usual function Υ(x) introduced in [4]
is equal to Υ(x|b, b−1). We shall often just write Υq(x) instead of Υq(x|ϵ1, ϵ2) and indicate in the text
whether the ϵi parameters are arbitrary or whether b = ϵ1 = ϵ−1

2 .
We will also need to evaluate the derivative of Υq(x) at x = 0. Since the zero of Υq(x) at x = 0 is

due to the factor (1 − qx) in the numerator of (A.34), we find that the only piece of the derivative that
survives is

Υ′
q(0) =

β

1− q
Υq(b) . (A.39)

From this formula we can then obtain an identity useful for the calculations of the main text. Let us
define the norm squared of the refined McMahon function following [29]:

|M(t, q)|2 := lim
U→1

|M(U ; t, q)|2

1− U−1
= |M(q−1; t, q)|2 = (1− q)

(ϵ1−ϵ2)2

4ϵ1ϵ2 ΛΥq(ϵ1) . (A.40)

Then, from (A.35) and (A.39) we get for ϵ1 = b and ϵ2 = b−1

|M(t, q)|2 =
1

β
(1− q)(

Q
2 )

2

ΛΥ′
q(0) . (A.41)

29

q-CFT

Primary with null 
vector at level 1

all i)

(x; q1, . . . , qr)1 :=
1Y

i1=0,...,ir=0

(1� xqi11 · · · qir
r
). (154)

We can extend the definition of the shifted factorial for all values of qi by imposing the relations

(x; q1, . . . , q
�1
i

, . . . , qr)1 =
1

(xqi; q1, . . . , qr)1
. (155)

Furthermore, they obey the following shifting properties

(qjx; q1, . . . , qr)1 =
(x; q1, . . . , qr)1

(x; q1, . . . , qj�1, qj+1, . . . , qr)1
. (156)

We then define the function M(u; t, q) as

M(u; t, q) := (uq; t, q)�1
1 =

8
>><

>>:

Q1
i,j=1(1� uti�1qj)�1 for |t| < 1, |q| < 1Q1
i,j=1(1� uti�1q1�j) for |t| < 1, |q| > 1Q1
i,j=1(1� ut�iqj) for |t| > 1, |q| < 1Q1
i,j=1(1� ut�iq1�j)�1 for |t| > 1, |q| > 1

, (157)

converging for all u. This function can be written as a plethystic exponential

M(u; t, q) = exp

" 1X

m=1

um

m

qm

(1� tm)(1� qm)

#
, (158)

which converges for all t and all q provided that |u| < q�1+✓(|q|�1)t✓(|t|�1). Here and elsewhere

✓(x) = 1 if x > 0 and is zero otherwise. The following identity is obvious from the definition

M(u; q, t) = M(ut/q; t, q). (159)

From the analytic properties of the shifted factorials (155), we read the identities

M(u; t�1, q) =
1

M(ut; t, q)
, M(u; t, q�1) =

1

M(uq�1; t, q)
, (160)

while from (156) we take the following shifting identities

M(ut; t, q) = (uq; q)1M(u; t, q), M(uq; t, q) = (uq; t)1M(u; t, q). (161)

We define the q-deformed ⌥ function as

⌥q(x|✏1, ✏2) =(1� q)�
1

✏1✏2
(x�

✏+
2 )2

1Y

n1,n2=0

(1� qx+n1✏1+n2✏2)(1� q✏+�x+n1✏1+n2✏2)

(1� q✏+/2+n1✏1+n2✏2)2

=(1� q)�
1

✏1✏2
(x�

✏+
2 )2

����
M(e�Rx)

M(eR✏+/2)

����
2

,

(162)

where we have used the definition (75) for the norm squared. If follows from the definition that

⌥q(✏+/2|✏1, ✏2) = 1, that ⌥q(x|✏1, ✏2) = ⌥q(✏+ � x|✏1, ✏2) and that ⌥q(x|✏1, ✏2) = ⌥q(x|✏2, ✏1).

Furthermore, from the shifting identities for M, we can easily prove that

⌥q(x|✏1, ✏2) =

✓
1� q

1� q✏2

◆1�2✏�1
2 x

�q✏2 (x✏
�1
2 )⌥q(x|✏1, ✏2), (163)
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Weyl Reflections and symmetry enhancement

  For N=2 (Liouville):

[Fateev,Litvinov]

 For N=3           has the E6 symmetry of T3 !

Cour(↵1,↵2,{!N�1) = CF.L.(↵1,↵2,{!N�1) (38)

Cour(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (39)

C(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (40)

Ccov(↵1,↵2,↵3) = Zextra (41)

C inv(↵1,↵2,↵3) = ZTN (42)

C(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (43)

↵ $ m,n, l zi = 0, 1,1 (44)

We remark that in the limit in which the degenerate field becomes the identity, i.e. { ! 0

one can show that the 3-point structure constants (37) converge to (29).

In the N = 2 case, the degeneration doesn’t matter since there is only one fundamental

weight anyway and (37) reduces to (we set { = 2↵3) the famous DOZZ formula8

C(↵1,↵2,↵3) =
⇣
⇡µ�(b2)b2�2b2

⌘Q�
P3

i=1 ↵i
b ⌥0(0)

Q3
i=1 ⌥(2↵i)

⌥(
P3

i=1 ↵i �Q)
Q3

j=1 ⌥(
P3

i=1 ↵i � 2↵j)
, (45)

which was conjecture by [6, 7] and derived by [46,47].

3.2 Enhanced symmetry of the Weyl invariant part

In this subsection, we shall make a couple of observations on the symmetries of the Weyl

invariant part of the structure constants that to our knowledge are not found in the literature.

In the Liouville case (N = 2) the Weyl invariant piece of the structure constants (34) take

the form

C(↵1,↵2,↵3) =
⌥0(0)

⌥(↵1 + ↵2 + ↵3 �Q)⌥(↵1 + ↵2 � ↵3)⌥(↵1 � ↵2 + ↵3)⌥(�↵1 + ↵2 + ↵3)
.

(46)

At this point, we use (11) and replace the ↵i by the m1, n1 and l1 as

↵1 = m1 +
Q

2
, ↵2 = �n1 +

Q

2
, ↵3 = l1 +

Q

2
. (47)

Setting then

m1 =
u1 + u3

2
, n1 =

u2 + u3

2
, l1 =

u1 + u2

2
(48)

8For N = 2 we set ↵i = 2↵i!1, i.e. we omit the unnecessary second index and set ↵1
i ⌘ ↵i.
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Cour(↵1,↵2,{!N�1) = CF.L.(↵1,↵2,{!N�1) (38)

Cour(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (39)

C(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (40)

Ccov(↵1,↵2,↵3) = Zextra (41)

C inv(↵1,↵2,↵3) = ZTN (42)

C(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (43)

↵ $ m,n, l zi = 0, 1,1 (44)

We remark that in the limit in which the degenerate field becomes the identity, i.e. { ! 0

one can show that the 3-point structure constants (37) converge to (29).

In the N = 2 case, the degeneration doesn’t matter since there is only one fundamental

weight anyway and (37) reduces to (we set { = 2↵3) the famous DOZZ formula8

C(↵1,↵2,↵3) =
⇣
⇡µ�(b2)b2�2b2

⌘Q�
P3

i=1 ↵i
b ⌥0(0)

Q3
i=1 ⌥(2↵i)

⌥(
P3

i=1 ↵i �Q)
Q3

j=1 ⌥(
P3

i=1 ↵i � 2↵j)
, (45)

which was conjecture by [6, 7] and derived by [46,47].

Ccov(↵1,↵2,↵3) =
⇣
⇡µ�(b2)b2�2b2

⌘Q�
P3

i=1 ↵i
b

3Y

i=1

⌥(2↵i) (46)

3.2 Enhanced symmetry of the Weyl invariant part

In this subsection, we shall make a couple of observations on the symmetries of the Weyl

invariant part of the structure constants that to our knowledge are not found in the literature.

In the Liouville case (N = 2) the Weyl invariant piece of the structure constants (34) take

the form

C(↵1,↵2,↵3) =
⌥0(0)

⌥(↵1 + ↵2 + ↵3 �Q)⌥(↵1 + ↵2 � ↵3)⌥(↵1 � ↵2 + ↵3)⌥(�↵1 + ↵2 + ↵3)
.

(47)

At this point, we use (11) and replace the ↵i by the m1, n1 and l1 as

↵1 = m1 +
Q

2
, ↵2 = �n1 +

Q

2
, ↵3 = l1 +

Q

2
. (48)

Setting then

m1 =
u1 + u3

2
, n1 =

u2 + u3

2
, l1 =

u1 + u2

2
(49)

8For N = 2 we set ↵i = 2↵i!1, i.e. we omit the unnecessary second index and set ↵1
i ⌘ ↵i.
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Analyzing the path integral of the theory (??), one can argue that the Toda CFT must have an
exchange symmetry b $ b�1 on a quantum level which simultaneously sends the cosmological constant to
its dual µ̃, defined as

�
⇡µ̃�(b�2)

�b !
=

�
⇡µ�(b2)

� 1
b =) µ̃ =

�
⇡µ�(b2)

�1/b2

⇡�(1/b2)
, (4)

where �(x) := �(x)
�(1�x) . As we mentioned in the introduction, the Toda CFT also has a WN higher spin

chiral symmetry generated by the fields W2 ⌘ T , W3, . . . ,WN of spins 2, . . . , N . The primaries under the
full symmetry algebra WN ⇥WN are the exponential fields of spin zero labeled by a weight of sl(N):

V↵ = e(↵,') (5)

In what follows, we will parametrize the fundamental weight decomposition of a weight ↵i as

↵i = N
N�1X

j=1

↵j

i
!j . (6)

By looking at the corresponding OPEs, one reads o↵ the central charge c of the Toda CFT and the
conformal dimensions �(↵) of its primary fields:

c = N � 1 + 12 (Q,Q) = (N � 1)
�
1 +N(N + 1)Q2

�
, �(↵) =

(2Q�↵,↵)

2
, (7)

with the anti-holomorphic conformal dimensions of the primary fields being equal to the holomorphic ones.
The conformal dimension, as well as the eigenvalues of all the other higher spin currents Wk are

invariant under the a�ne2 Weyl transformations (??) of the weights ↵i, which roughly means that several
exponential fields correspond to the same ’physical’ field. The primary fields of Toda CFT transform
under an a�ne Weyl transformations ↵ ! w �↵ given in (??) as

Vw�↵ = Rw(↵)V↵ (8)

with the reflection amplitude R given by the expression

Rw(↵) :=
A(↵)

A(w �↵)
(9)

in terms of the function

A(↵) :=
�
⇡µ�(b2)

� (↵�Q,⇢)
b

Y

e>0

� (1� b (↵�Q, e))�
�
�b�1 (↵�Q, e)

�
. (10)

The two-point correlation functions of primary fields are fixed by conformal invariance and by the
normalization (??). They read

hV↵1(z1, z̄1)V↵2(z2, z̄2)i =
(2⇡)N�1�(↵1 +↵2 � 2Q) +Weyl-reflections

|z1 � z2|4�(↵1)
, (11)

where “Weyl-reflections” stands for additional �-contributions that come from the field identifications
(??).

The coordinate dependence of 3-point functions of primary fields (??) is fixed by conformal symmetry
up to an overall coe�cient C(↵1,↵2,↵3) called the 3-point structure constant:

2
One should not confuse the a�ne Weyl transformation, i.e. Weyl reflections accompanied by two translations, with

Weyl reflections belonging to the Weyl group of the a�ne Lie algebra.

3

has SO(8) like T2 !

Outline

 Check:

by dividing out the piece that transforms non-trivially under Weyl transformations. The func-

tion C of the weights ↵ is independent of the cosmological constant µ and is invariant under

a�ne Weyl reflections in the ↵. Anticipating a bit, we will show in the later sections that the

Weyl invariant part of the 3-point structure constants has a higher symmetry than the naive

a�ne Weyl symmetry of SU(N)3. In particular, for N = 2 it is invariant under the SU(4) Weyl

group, while for N = 3 it is invariant under the E6 Weyl group.

While the general formula for the 3-point structure constants of Toda CFT is not known,

they have been computed in special cases. The formula for the structure constants of WN for

the degenerate case in which one of the three weights becomes proportional to the first or the

last fundamental weight, i.e. ↵3 = {!1 or ↵3 = {!N�1 is known from [32] and reads7

C(↵1,↵2,{!N�1) =
⇣
⇡µ�(b2)b2�2b2

⌘ (2Q�
P3

i=1 ↵i,⇢)
b

⇥

⇥
⌥0(0)N�1⌥({)

Q
e>0 ⌥((Q�↵1, e))⌥((Q�↵2, e))

Q
N

i,j=1 ⌥( {
N

+ (↵1 �Q, hi) + (↵2 �Q, hj))
.

(29)

Cour(↵1,↵2,{!N�1) = CF.L.(↵1,↵2,{!N�1) (30)

We remark that in the limit in which the degenerate field becomes the identity, i.e. { ! 0 one

can show that the 3-point structure constants (29) converge to (23).

In the N = 2 case, the degeneration doesn’t matter since there is only one fundamental

weight anyway and (29) reduces to (we set { = 2↵3) the famous DOZZ formula8

C(↵1,↵2,↵3) =
⇣
⇡µ�(b2)b2�2b2

⌘Q�
P3

i=1 ↵i
b ⌥0(0)

Q3
i=1 ⌥(2↵i)

⌥(
P3

i=1 ↵i �Q)
Q3

j=1 ⌥(
P3

i=1 ↵i � 2↵j)
, (31)

which was conjecture by [6, 7] and derived by [46,47].

3.2 Enhanced symmetry of the Weyl invariant part

In this subsection, we shall make a couple of observations on the symmetries of the Weyl

invariant part of the structure constants that to our knowledge are not found in the literature.

In the Liouville case (N = 2) the Weyl invariant piece of the structure constants (28) take

the form

C(↵1,↵2,↵3) =
⌥0(0)

⌥(↵1 + ↵2 + ↵3 �Q)⌥(↵1 + ↵2 � ↵3)⌥(↵1 � ↵2 + ↵3)⌥(�↵1 + ↵2 + ↵3)
.

(32)

7In [34] a more general formula was derived for N = 3 for the case of semi-degenerate fields ↵3 = {!2�mb!1

with m integer. We will not need it here.
8For N = 2 we set ↵i = 2↵i!1, i.e. we omit the unnecessary second index and set ↵1

i ⌘ ↵i.
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 Can compute (read off)             from web diagrams                         
using the topological vertex formalism as long as we remove extra 
d.o.f            !

 Proposal for the 3pt functions of Toda: 3 generic primaries 

by dividing out the piece that transforms non-trivially under Weyl transformations. The func-

tion C of the weights ↵ is independent of the cosmological constant µ and is invariant under

a�ne Weyl reflections in the ↵. Anticipating a bit, we will show in the later sections that the

Weyl invariant part of the 3-point structure constants has a higher symmetry than the naive

a�ne Weyl symmetry of SU(N)3. In particular, for N = 2 it is invariant under the SU(4) Weyl

group, while for N = 3 it is invariant under the E6 Weyl group.

While the general formula for the 3-point structure constants of Toda CFT is not known,

they have been computed in special cases. The formula for the structure constants of WN for

the degenerate case in which one of the three weights becomes proportional to the first or the

last fundamental weight, i.e. ↵3 = {!1 or ↵3 = {!N�1 is known from [32] and reads7

C(↵1,↵2,{!N�1) =
⇣
⇡µ�(b2)b2�2b2

⌘ (2Q�
P3

i=1 ↵i,⇢)
b

⇥

⇥
⌥0(0)N�1⌥({)

Q
e>0 ⌥((Q�↵1, e))⌥((Q�↵2, e))

Q
N

i,j=1 ⌥( {
N

+ (↵1 �Q, hi) + (↵2 �Q, hj))
.

(29)

Cour(↵1,↵2,{!N�1) = CF.L.(↵1,↵2,{!N�1) (30)

Cour(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (31)

C inv(↵1,↵2,↵3) = Zextra (32)

Ccov(↵1,↵2,↵3) = ZTN (33)

C(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (34)

We remark that in the limit in which the degenerate field becomes the identity, i.e. { ! 0 one

can show that the 3-point structure constants (29) converge to (23).

In the N = 2 case, the degeneration doesn’t matter since there is only one fundamental

weight anyway and (29) reduces to (we set { = 2↵3) the famous DOZZ formula8

C(↵1,↵2,↵3) =
⇣
⇡µ�(b2)b2�2b2

⌘Q�
P3

i=1 ↵i
b ⌥0(0)

Q3
i=1 ⌥(2↵i)

⌥(
P3

i=1 ↵i �Q)
Q3

j=1 ⌥(
P3

i=1 ↵i � 2↵j)
, (35)

which was conjecture by [6, 7] and derived by [46,47].

7In [34] a more general formula was derived for N = 3 for the case of semi-degenerate fields ↵3 = {!2�mb!1

with m integer. We will not need it here.
8For N = 2 we set ↵i = 2↵i!1, i.e. we omit the unnecessary second index and set ↵1

i ⌘ ↵i.
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by dividing out the piece that transforms non-trivially under Weyl transformations. The func-

tion C of the weights ↵ is independent of the cosmological constant µ and is invariant under

a�ne Weyl reflections in the ↵. Anticipating a bit, we will show in the later sections that the

Weyl invariant part of the 3-point structure constants has a higher symmetry than the naive

a�ne Weyl symmetry of SU(N)3. In particular, for N = 2 it is invariant under the SU(4) Weyl

group, while for N = 3 it is invariant under the E6 Weyl group.

While the general formula for the 3-point structure constants of Toda CFT is not known,

they have been computed in special cases. The formula for the structure constants of WN for

the degenerate case in which one of the three weights becomes proportional to the first or the

last fundamental weight, i.e. ↵3 = {!1 or ↵3 = {!N�1 is known from [32] and reads7

C(↵1,↵2,{!N�1) =
⇣
⇡µ�(b2)b2�2b2
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⇥
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Q
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Q
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.

(29)

Cour(↵1,↵2,{!N�1) = CF.L.(↵1,↵2,{!N�1) (30)

Cour(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (31)

C inv(↵1,↵2,↵3) = Zextra (32)

Ccov(↵1,↵2,↵3) = ZTN (33)

C(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (34)

We remark that in the limit in which the degenerate field becomes the identity, i.e. { ! 0 one

can show that the 3-point structure constants (29) converge to (23).

In the N = 2 case, the degeneration doesn’t matter since there is only one fundamental

weight anyway and (29) reduces to (we set { = 2↵3) the famous DOZZ formula8

C(↵1,↵2,↵3) =
⇣
⇡µ�(b2)b2�2b2
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b ⌥0(0)

Q3
i=1 ⌥(2↵i)

⌥(
P3

i=1 ↵i �Q)
Q3

j=1 ⌥(
P3

i=1 ↵i � 2↵j)
, (35)

which was conjecture by [6, 7] and derived by [46,47].

7In [34] a more general formula was derived for N = 3 for the case of semi-degenerate fields ↵3 = {!2�mb!1

with m integer. We will not need it here.
8For N = 2 we set ↵i = 2↵i!1, i.e. we omit the unnecessary second index and set ↵1

i ⌘ ↵i.
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[Fateev,Litvinov]
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 2

 3

where the transformation acts as wi � ↵ = ↵ � (↵�Q, ei) ei. After that one uses ⌥(�x) =

⌥(x+Q) as well as equation (155) to show (30). As a final remark on Y (↵), we observe that

this function is zero if ↵ is a multiple of a fundamental weight and in particular it has a zero

of order (N�1)(N�2)
2 if we set ↵ = !1 or ↵ = !N�1.

Now, we can introduce the Weyl invariant part of the structure constants

C(↵1,↵2,↵3) :=
C(↵1,↵2,↵3)

⇥
⇡µ�(b2)b2�2b2

⇤ (2Q,⇢)
b

Q3
i=1 Y (↵i)

. (32)

by dividing out the piece that transforms non-trivially under Weyl transformations. The func-

tion C of the weights ↵ is independent of the cosmological constant µ and is invariant under

a�ne Weyl reflections in the ↵. Anticipating a bit, we will show in the later sections that the

Weyl invariant part of the 3-point structure constants has a higher symmetry than the naive

a�ne Weyl symmetry of SU(N)3. In particular, for N = 2 it is invariant under the SU(4) Weyl

group, while for N = 3 it is invariant under the E6 Weyl group.

While the general formula for the 3-point structure constants of Toda CFT is not known,

they have been computed in special cases. The formula for the structure constants of WN for

the degenerate case in which one of the three weights becomes proportional to the first or the

last fundamental weight, i.e. ↵3 = {!1 or ↵3 = {!N�1 is known from [32] and reads7

C inv(↵1,↵2,↵3) (33)

C inv({!N�1,↵2,↵3) (34)

C(↵1,↵2,{!N�1) =
⇣
⇡µ�(b2)b2�2b2

⌘ (2Q�
P3

i=1 ↵i,⇢)
b

⇥

⇥
⌥0(0)N�1⌥({)

Q
e>0 ⌥((Q�↵1, e))⌥((Q�↵2, e))

Q
N

i,j=1 ⌥( {
N

+ (↵1 �Q, hi) + (↵2 �Q, hj))
.

(35)

Cour(↵1,↵2,{!N�1) = CF.L.(↵1,↵2,{!N�1) (36)

Cour(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (37)

Ccov(↵1,↵2,↵3) = Zextra (38)

C inv(↵1,↵2,↵3) = ZTN (39)

C(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (40)

↵ $ m,n, l zi = 0, 1,1 (41)

7In [34] a more general formula was derived for N = 3 for the case of semi-degenerate fields ↵3 = {!2�mb!1

with m integer. We will not need it here.
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by dividing out the piece that transforms non-trivially under Weyl transformations. The func-
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a�ne Weyl reflections in the ↵. Anticipating a bit, we will show in the later sections that the

Weyl invariant part of the 3-point structure constants has a higher symmetry than the naive

a�ne Weyl symmetry of SU(N)3. In particular, for N = 2 it is invariant under the SU(4) Weyl

group, while for N = 3 it is invariant under the E6 Weyl group.

While the general formula for the 3-point structure constants of Toda CFT is not known,

they have been computed in special cases. The formula for the structure constants of WN for

the degenerate case in which one of the three weights becomes proportional to the first or the

last fundamental weight, i.e. ↵3 = {!1 or ↵3 = {!N�1 is known from [32] and reads7

C inv(↵1,↵2,↵3) (33)

C inv({!N�1,↵2,↵3) (34)

C(↵1,↵2,{!N�1) =
⇣
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⌘ (2Q�
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i=1 ↵i,⇢)
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⇥

⇥
⌥0(0)N�1⌥({)

Q
e>0 ⌥((Q�↵1, e))⌥((Q�↵2, e))

Q
N

i,j=1 ⌥( {
N

+ (↵1 �Q, hi) + (↵2 �Q, hj))
.

(35)

Cour(↵1,↵2,{!N�1) = CF.L.(↵1,↵2,{!N�1) (36)

Cour(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (37)

Ccov(↵1,↵2,↵3) = Zextra (38)

C inv(↵1,↵2,↵3) = ZTN (39)

C(↵1,↵2,↵3) = C inv(↵1,↵2,↵3)C
cov(↵1,↵2,↵3) (40)

↵ $ m,n, l zi = 0, 1,1 (41)

7In [34] a more general formula was derived for N = 3 for the case of semi-degenerate fields ↵3 = {!2�mb!1

with m integer. We will not need it here.
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Abstract:

In this paper we investigate the relation between conformal blocks of Liouville CFT

and the topological string partition functions of the rank one trinion theory T2. The

partition functions exhibit jumps when passing from one chamber in the parameter space

to another. Such jumps can be attributed to a change of the integration contour in the

free field representation of Liouville conformal blocks. We compare the partition functions

of the T2 theories representing trifundamental half hypermultiplets in N = 2, d = 4 field

theories to the partition functions associated to bifundamental hypermultiplets. We find

that both are related to the same Liouville conformal blocks up to inessential factors. In

order to establish this picture we combine and compare results obtained using topological

vertex techniques, matrix models and topological recursion. We furthermore check that

the partition functions obtained by gluing two T2 vertices can be represented in terms of a

four point Liouville conformal block. Our results indicate that the T2 vertex o↵ers a useful

starting point for developing an analog of the instanton calculus for SUSY gauge theories

with trifundamental hypermultiplets.

Z
S4⇥S1

TN
(0.1)

Both TN and the Toda 3pt function have SU(N)3 symmetry.

Weyl reflections imply symmetry enhancement for Toda 3pt functions.
Which is the same as the symmetry enhancement of the TN theory.

C
inv =

"
4Y

i=1

⌥(
Q

2
+ ui)

#�1

=

"
4Y

i=1

G(
Q

2
+ ui)G(

Q

2
� ui)

#�1

,

4X

i=1

ui = 0 (0.11)

[Argyres,Seiberg]



Our proposal

  symmetries, zeros 

 N=2 Liouville case

The Weyl covariant part is mapped to the extra d.o.f.

The Weyl invariant part to the 5D partition function

[Mitev,EP]mi = (↵1 �Q, hi) = N
N�1X

j=i

↵j

1 �

N�1X

j=1

j↵j

1 �
N + 1� 2i

2
Q,

ni = � (↵2 �Q, hi) = �N
N�1X

j=i

↵j

2 +
N�1X

j=1

j↵j

2 +
N + 1� 2i

2
Q,

li = � (↵3 �Q, hN+1�i) = �N
N�1X

j=N+1�i

↵j

3 +
N�1X

j=1

j↵j

3 �
N + 1� 2i

2
Q,

(7)

mi = (↵1 �Q, hi)

ni = � (↵2 �Q, hi)

li = � (↵3 �Q, hN+1�i)

(8)

where hi are the weights of the fundamental representation of SU(N). In appendix B the reader

can find all the group theory conventions. In particular, for N = 2, we have

m1 = �m2 = ↵1
1 �

Q

2
, n1 = �n2 = �↵1

2 +
Q

2
, l1 = �l2 = ↵1

3 +
Q

2
, (9)

while for N = 3 we have

m1 = 2↵1
1 + ↵2

1 �Q, m2 = �↵1
1 + ↵2

1, m3 = �↵1
1 � 2↵2

1 +Q, (10)

with similar expressions for the ni and li.

Having set up the parametrization, we are ready to present our full claim. For that it is

important to stress that from the Toda CFT 3-point structure constants C, see (27), we can

extract the Weyl-invariant structure constants C as

C(↵1,↵2,↵3) =

 h
⇡µ�(b2)b2�2b2

i (2Q,⇢)
b

3Y

i=1

Y (↵i)

!
⇥ C(↵1,↵2,↵3), (11)

with

Ccov(↵1,↵2,↵3) =
h
⇡µ�(b2)b2�2b2

i (2Q,⇢)
b

3Y

i=1

Y (↵i) (12)

the functions Y (↵) defined in (28) encoding all the information about the Weyl transformation.

All the details needed are introduced in section 3. We claim that the exact AGT-W dictionary

relates the Weyl-invariant structure constants C to the 4D TN partition function on S4 (ZS
4

N
)

as

C(↵1,↵2,↵3) = const⇥ Z
S

4

N
(13)

where the constant part can be a function of N and of the Omega deformation parameters but

cannot be a function of the masses. The partition function on S4 itself is obtained from the

5

Abstract:

In this paper we investigate the relation between conformal blocks of Liouville CFT

and the topological string partition functions of the rank one trinion theory T2. The

partition functions exhibit jumps when passing from one chamber in the parameter space

to another. Such jumps can be attributed to a change of the integration contour in the

free field representation of Liouville conformal blocks. We compare the partition functions

of the T2 theories representing trifundamental half hypermultiplets in N = 2, d = 4 field

theories to the partition functions associated to bifundamental hypermultiplets. We find

that both are related to the same Liouville conformal blocks up to inessential factors. In

order to establish this picture we combine and compare results obtained using topological

vertex techniques, matrix models and topological recursion. We furthermore check that

the partition functions obtained by gluing two T2 vertices can be represented in terms of a

four point Liouville conformal block. Our results indicate that the T2 vertex o↵ers a useful

starting point for developing an analog of the instanton calculus for SUSY gauge theories

with trifundamental hypermultiplets.

q ! 1 q = e
�R

C
our
q (↵1,↵2,↵3) = C

inv
q (↵1,↵2,↵3)C

cov
q (↵1,↵2,↵3) (0.1)

C
cov
q (↵1,↵2,↵3) ' |Zextra|

2
C

inv
q (↵1,↵2,↵3) ' Z

S4⇥S1

TN
(0.2)

Z
S4⇥S1

TN
C

our
q (N{!N�1,↵2,↵3) = C

F.L.
q (N{!N�1,↵2,↵3) ↵1 = N{!N�1 (0.3)

C
inv
q (N{!N�1,↵2,↵3) ' Z

S4⇥S1

free hypers (0.4)

Z
R4⇥S1

Nek =
Ztop

Zextra
Z

R4⇥S1

Nek / Ztop (0.5)

↵3 = ↵1 +↵2 + b

N�1X

k=1

skek (0.6)

q = e
�R✏1 , t = e

R✏2 (0.7)

a / s12 (0.8)

M(U) =
1Y

i,j=1

�
1� U ti�1qj

��1
(0.9)

Z
top
2 / I2

q!0
���!

Z sY

i=1

dyi y
2b↵1
i (1� yi)

2b↵2
Y

i<j

(yj � yi)
2b2 (0.10)

Note that this integral is convergent for a1, a2 and � real and positive.
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with null vector at level 1

DESY 19-106

Prepared for submission to JHEP

Trinion Conformal Blocks from Topological strings

Ioana Comana,b Elli Pomonia Joerg Teschnera,c

aDESY, Theory Group, Notkestraße 85, Building 2a, 22607 Hamburg, Germany
bInstitute of Physics, University of Amsterdam,1098 XH Amsterdam, the Netherlands
cDepartment of Mathematics, University of Hamburg, Bundesstrasse 55, 20146 Hamburg, Germany

E-mail: i.comanlohi@uva.nl, elli.pomoni@desy.de,

joerg.teschner@desy.de

Abstract:
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and the topological string partition functions of the rank one trinion theory T2. The

partition functions exhibit jumps when passing from one chamber in the parameter space

to another. Such jumps can be attributed to a change of the integration contour in the

free field representation of Liouville conformal blocks. We compare the partition functions

of the T2 theories representing trifundamental half hypermultiplets in N = 2, d = 4 field

theories to the partition functions associated to bifundamental hypermultiplets. We find

that both are related to the same Liouville conformal blocks up to inessential factors. In

order to establish this picture we combine and compare results obtained using topological

vertex techniques, matrix models and topological recursion. We furthermore check that

the partition functions obtained by gluing two T2 vertices can be represented in terms of a

four point Liouville conformal block. Our results indicate that the T2 vertex o↵ers a useful
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In this paper we investigate the relation between conformal blocks of Liouville CFT

and the topological string partition functions of the rank one trinion theory T2. The

partition functions exhibit jumps when passing from one chamber in the parameter space

to another. Such jumps can be attributed to a change of the integration contour in the

free field representation of Liouville conformal blocks. We compare the partition functions

of the T2 theories representing trifundamental half hypermultiplets in N = 2, d = 4 field

theories to the partition functions associated to bifundamental hypermultiplets. We find

that both are related to the same Liouville conformal blocks up to inessential factors. In

order to establish this picture we combine and compare results obtained using topological

vertex techniques, matrix models and topological recursion. We furthermore check that

the partition functions obtained by gluing two T2 vertices can be represented in terms of a

four point Liouville conformal block. Our results indicate that the T2 vertex o↵ers a useful

starting point for developing an analog of the instanton calculus for SUSY gauge theories

with trifundamental hypermultiplets.
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From Topological string to Free fields 

q-Selberg

s = integer

Geometric transitions: Exchange the sums for products! Take 4D limit!

[Cheng, Dijkgraaf, Vafa]

sum = residues of integrals

[Aganagic, Haouzi, Kozcaz, Shakirov]

Dotsenko-Fateev Free field rep.

From Ztop to free field integral: a change of the integration contour: 
Jump when passing from one chamber in the parameter space to another. 
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From Topological string to Free fields 

Ztop gives the integrand of the q-def. 
AN-1 generalisation of Selberg

*We need to change contours to go from Ztop to the Selberg integral!

*

For N=3 
3 integers: s1, s2, s12

[Coman,EP,Teschner]

 Is the correct free field representation (poles of 3pt function).  

 Integral representation is good for              (4D) limit.
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and the topological string partition functions of the rank one trinion theory T2. The

partition functions exhibit jumps when passing from one chamber in the parameter space

to another. Such jumps can be attributed to a change of the integration contour in the

free field representation of Liouville conformal blocks. We compare the partition functions

of the T2 theories representing trifundamental half hypermultiplets in N = 2, d = 4 field

theories to the partition functions associated to bifundamental hypermultiplets. We find

that both are related to the same Liouville conformal blocks up to inessential factors. In

order to establish this picture we combine and compare results obtained using topological

vertex techniques, matrix models and topological recursion. We furthermore check that

the partition functions obtained by gluing two T2 vertices can be represented in terms of a

four point Liouville conformal block. Our results indicate that the T2 vertex o↵ers a useful

starting point for developing an analog of the instanton calculus for SUSY gauge theories

with trifundamental hypermultiplets.
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 The 3(N-1) masses obey screening: 
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Note that this integral is convergent for a1, a2 and � real and positive.

—-
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N-1 screening charges associated to simple roots.

We can define a basis for the space of conformal blocks on          
given a normal ordering of screening charges and a contour prescription  

that is labelled by these (N-1)(N-2)/2 parameters.  

The Coulomb moduli label the space of conformal blocks!
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The (N-1)(N-2)/2 Coulomb moduli correspond              
to extra, composite screening charges: -—-



Conclusions and Outlook

Partition functions for the 5D TN theories (all parameters generic).

   Proposal for the 3pt functions of q-Toda: all 3 primaries generic.

  Important Check: Geometric transitions: free field representation!

   Can explicitly take the 4D limit using the free field representation!

  Coulomb moduli label the space of conformal blocks!

  For N>2 need to change basis for the contours.

   Gluing two T2’s: Instanton counting for trifundamental half-hypers.

   W-descendants, gluing 3-pt functions to get 4-pt functions.

*

*For N>2 contours: work in progress

*



Thank you!


