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MOTIVATION	  	  
F-‐theory	  	  Compac+fica+ons	  with	  addi+onal	  U(1)’s	  



Why	  F-‐theory	  Compac+fica+on?	  



•  Focus	  	  D=4	  N=1	  SUSY	  GUT’s	  [SU(5),	  SO(10)]	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
w/chiral	  ma]er,	  Yukawa	  couplings	  10	  10	  5,…	  

• GUT-‐model	  building	  in	  F-‐theory	  

• Moduli	  stabiliza+on	  	  (fluxes)	  [Gukov,Vafa,Witten],… 

Domain	  of	  string	  theory	  landscape	  with	  promising	  par+cle	  physics	  	  
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Why	  F-‐theory	  Compac+fica+on?	  

Local:[Donagi,Wijnholt;Beasley,Heckman,Vafa; 
              …            Review: Heckman,…]   
Global: [Marsano,Saulina, Schäfer-Nameki;
              Blumenhagen,Grimm, Jurke,Weigand;…
              M.C.,Halverson Garcia-Etxebarria;…]



•  Focus	  	  D=4	  N=1	  SUSY	  GUT’s	  [SU(5),	  SO(10)]	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
w/chiral	  ma]er,	  Yukawa	  couplings	  10	  10	  5,…	  

• GUT-‐model	  building	  in	  F-‐theory	  

Domain	  of	  string	  theory	  landscape	  with	  promising	  par+cle	  physics	  	  

Why	  F-‐theory	  Compac+fica+on?	  
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•  F-‐theory	  via	  finite	  coupling	  Type	  IIB	  string	  theory:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
Consistent	  set-‐up	  of	  back-‐reacted	  seven-‐branes	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
Non-‐perturba+ve	  coupling	  regions	  on	  non-‐Calabi-‐Yau	  	  geometry	  

•  F-‐theory	  via	  Geometry:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
Globally	  defined	  ellip+cally	  fibered	  Calabi-‐Yau	  manifold	  

Conceptual:	  geometric	  descrip+on	  at	  finite	  string	  coupling	  

[Vafa; Witten;…]	  



Par+cle	  physics:	  important	  ingredient	  of	  	  Beyond	  Standard	  Model	  Physics	  

•  Light	  U(1)	  gauge	  bosons:	  Z’-‐physics,	  NMSSM,	  U(1)PQ	  ,	  …	  	  

•  Massive	  (Stückelberg)	  U(1)	  gauge	  bosons:	  low	  energy	  global	  symmetry	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  selec+on	  rules	  (proton	  decay;	  R-‐parity	  viola+on;	  neutrino	  masses…)	  	  

Mul+ple	  U(1)’s	  desirable	  	  

Why	  Abelian	  Symmetries	  in	  F-‐theory?	  



Par+cle	  physics:	  important	  ingredient	  of	  	  Beyond	  Standard	  Model	  Physics	  

•  Related	  to	  Abelian	  Mordell-‐Weil	  group	  of	  ellip+c	  fibra+ons	  

	  	  	  	  	  	  	  	  torsion	  part	  studied	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
w/free	  part	  less	  understood	  (global	  issues)	  	  	  	  

•  Few	  systema+c	  studies	  in	  contrast	  to	  non-‐Abelian	  groups	  

	  	  Conceptual:	  new	  types	  of	  ellip+c	  fibra+ons	  

Non-‐Abelian:	  [Kodaira;Tate;
                          Morrison,Vafa;Bershadsky et al.;…]

Torsion	  part:	  [Morrison,Vafa;
                          Aspinwall,Morrison;…]

•  Light	  U(1)	  gauge	  bosons:	  Z’-‐physics,	  NMSSM,	  U(1)PQ	  ,	  …	  	  

•  Massive	  (Stückelberg)	  U(1)	  gauge	  bosons:	  low	  energy	  global	  symmetry	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  selec+on	  rules	  (proton	  decay;	  R-‐parity	  viola+on;	  neutrino	  masses…)	  	  

Mul+ple	  U(1)’s	  desirable	  	  

Why	  Abelian	  Symmetries	  in	  F-‐theory?	  

For	  toric	  K3:	  [Grassi,Perduca]



I.	  	  Construc+on	  of	  ellip+cally	  fibered	  Calabi-‐Yau	  manifolds	  w/	  

	  	  	  	  	  rank	  2	  Mordell-‐Weil	  	  (MW)	  group	  

II.	  	  Determina+on	  of	  ma]er	  representa+ons	  and	  mul+plicity	  in	  D=6	  and	  D=4	  

III.	  First	  construc+on	  of	  G4-‐fluxes	  on	  Calabi-‐Yau	  four-‐folds	  with	  rk=2	  MW-‐group	  

IV.	  Construc+on	  of	  explicit	  U(1)	  x	  U(1)	  and	  SU(5)xU(1)xU(1)	  w/spectra	  &	  chirality	  

Outline	  &	  Summary	  of	  the	  talk	  



I.	  	  Construc+on	  of	  ellip+cally	  fibered	  Calabi-‐Yau	  manifolds	  w/	  

	  	  	  	  	  rank	  2	  Mordell-‐Weil	  	  (MW)	  group	  

II.	  	  Determina+on	  of	  ma]er	  representa+ons	  and	  mul+plicity	  in	  D=6	  and	  D=4	  

III.	  First	  construc+on	  of	  G4-‐fluxes	  on	  Calabi-‐Yau	  four-‐folds	  with	  rk=2	  MW-‐group	  
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Outline	  &	  Summary	  of	  the	  talk	  

Two-‐fold	  advances:	  	  Geometry	  &	  	  M-‐theory/F-‐theory	  duality	  

	  I.	  Geometry:	  in	  D=6	  determines	  all	  ma]er	  representa+ons	  and	  mul+plicity	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  in	  D=4	  G4	  fluxes	  &	  some	  of	  ma]er	  surfaces	  iden+fied	  some	  chirali+es	  

II.	  M-‐theory/F-‐theory	  duality	  in	  D=3:	  Constaints	  on	  G4	  w/Chern-‐Simons	  terms	  determine	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐	  all	  chiral	  	  indices	  	  (tested	  against	  geom.	  calc.)	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐	  confirm	  cancella+on	  of	  all	  anomalies	  



F-‐THEORY	  HIGHLIGHTS	  	  
The	  Type	  IIB	  perspec+ve	  



F-‐THEORY	  HIGHLIGHTS	  	  
The	  Type	  IIB	  perspec+ve	  

[At	  Strings’12:	  D-‐instantons	  in	  F-‐theory;	  	  Hetero+c	  M-‐theory	  perspec+ve]	  
                                                                  [M.C.,Donagi,Halverson,Marsano]



•  F-‐theory	  is	  a	  geometric,	  SL(2,	  Z)	  invariant	  formula+on	  of	  Type	  IIB	  string	  

theory:	  invariant	  geometric	  object	  is	  two-‐torus	  T2(τ)	   	  

•  Modular	  parameter	  τ	  of	  T2(τ):	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Type	  IIB	  axion-‐dilaton	  

	  	  	  	  	  (SL(2,	  Z)	  =	  S-‐duality)	  	  	  	  	  

•  T2(τ)-‐fibra+on	  	  over	  a	  base	  space	  B:	  

	  	  	  	  	  	  Weierstrass	  parameteriza+on:	  

	  	  	  	  f,	  g-‐	  func+on	  fields	  on	  B	  
	  	  	  	  	  	  [z:x:y]	  homog.	  coords	  on	  P2(1,2,3)	  

1	  

[Vafa]

⌧ ⌘ C0 + ig�1
s

F-‐theory	  via	  Type	  IIB:	  basic	  ingredients	  

⌧

D7	  

O7	  

(p,q)7	  

B	  

τ(z)	  

y

2 = x

3 + fxz

4 + gz

6
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•  Total	  space	  of	  T2(τ)-‐fibra+on:	  singular	  ellip+c	  Calabi-‐Yau	  manifold	  X	  	  

	  	  	  	  	  	  D=4,	  N=1	  vacua:	  fourfold	  	  	  X4	  	  	  	  	  	  	  	  	  	  	  	  	  [D=6,	  N=1	  vacua:	  threefold	  	  X3]	  

•  X-‐singulari+es	  encode	  complicated	  set-‐up	  of	  intersec+ng	  7-‐branes:	  

F-‐theory	  via	  Type	  IIB:	  basic	  ingredients	  

	  B	  

S0 S

S00

S \ S0pt
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U(1)XU(1)	  SYMMETRY	  IN	  F-‐THEORY	  	  	  
Construc+ng	  ellip+c	  fibra+ons	  with	  rank	  two	  Mordell-‐Weil	  groups	  	  



4D	  Abelian	  gauge	  fields	  	  arise	  from	  classical	  Kaluza-‐Klein-‐reduc+on	  of	  C3	  

C3 = AB!B � Ai!i +Am!m

Cartans	  of	  non-‐	  
Abelian	  group	  

U(1)-‐gauge	  fields	  (1,1)-‐forms	  on	  X	  

MW-‐group	  of	  ra+onal	  sec+ons	  &	  U(1)’s	  



4D	  Abelian	  gauge	  fields	  	  arise	  from	  classical	  Kaluza-‐Klein-‐reduc+on	  of	  C3	  

C3 = AB!B � Ai!i +Am!m

Cartans	  of	  non-‐	  
Abelian	  group	  

U(1)-‐gauge	  fields	  (1,1)-‐forms	  on	  X	  

Construc+on	  of	  (1,1)-‐form	  	  	  ωm	  	  via	  	  ra+onal	  sec+ons	  

1.  Ra+onal	  point	  Q	  on	  ellip+c	  curve	  E	  with	  zero	  point	  P	  
•  is	  solu+on	  [zQ	  :	  xQ	  :	  yQ]	  	  	  in	  field	  K	  of	  Weierstrass	  form	  
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2.  Q	  induces	  ra+onal	  sec+on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  of	  the	  fibra+on	  

(1,1)-‐form	  ωm 	  Poincaré	  dual	  to	  divisor	  class	  SQ	  	  (related	  to	  	  	  	  	  	  	  via	  Shioda	  map)	  

y

2 = x

3 + fxz

4 + gz

6

ŝQ

ŝQ : B ! X
[wikipedia.org]	  

E	  
Mordell-‐Weil	  group	  of	  ra+onal	  points	  

MW-‐group	  of	  ra+onal	  sec+ons	  &	  U(1)’s	  



Ellip+c	  curve	  E	  with	  two	  ra+onal	  points	  Q,	  R	  
[M.C., Klevers,Piragua]

 related	  work:[Borchman, Mayrhofer,Weigand]	  
rk[MW]=1:   [Morrison,Park; Mayrhofer,Palti,Weigand] 

Construc+on	  of	  ellip+c	  curve	  with	  rk(MW)=2	  
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	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  [u:v:w:e1:e2]	  –homogeneous	  coordinates	  of	  dP2	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (blow-‐up	  of	  P2	  w/	  [u’:v’:w’]	  	  at	  2	  points:	  u’=ue1e2,	  v’=ve2,w’=we1)	  

[M.C., Klevers,Piragua]

P : E2 \ p = [�s9 : s8 : 1 : 1 : 0] ,
Q : E1 \ p = [�s7 : 1 : s3 : 0 : 1] ,

R : Du \ p = [0 : 1 : 1 : �s7 : s9] .

	  	  	  	  u	  	  	  	  	  	  v	  	  	  	  	  	  w	  	  	  	  	  e1	  	  	  e2	  

Points	  represented	  by	  intersec+ons	  of	  	  

different	  divisors	  in	  dP2	  with	  p	  

Construc+on	  of	  ellip+c	  curve	  with	  rk(MW)=2	  



I.	  	  	  	  	  	  Ambient	  space:	  
–  dP2	  fibra+on	  determined	  by	  	  
two	  divisors	   and	   (loci	  of	  s7=0,s9=0)	  

II.	  	  	  	  Calabi-‐Yau	  hypersurface	  X:	  	  

–  cuts	  out	  	  	  E	  	  in	  dP2	  
–  coefficients	  si in	  CY-‐equa+on	  get	  li|ed	  	  
to	  sec+ons	  of	  the	  base	  B	  (only	  s7,s9	  independent)	  	  

–  coordinates	  [u:v:w:e1:e2]	  li|ed	  to	  sec+ons	  

–  .	  

Classifica+on	  of	  dP2	  ellip+c	  fibra+ons	  
[M.C., Klevers, Piragua; M.C.,Grassi,Klevers,Piragua]

sec+ons	  
ŝP , ŝQ, ŝR

fiber E , as discussed below (2.6). They are encoded in the intersections (2.15). Next, we
introduce the divisors �(ŝQ), �(ŝR) in (2.17). The map � is the Shioda map that takes
here the form

�(ŝm) := Sm � S̃P � ⇡(Sm · S̃P ) , (2.20)

where we introduced the combination [?, ?]

S̃P = SP +
1

2
[K�1

B ] . (2.21)

We refer to [?, ?, ?, ?, ?] for more details on the Shioda map and to section 6 for the
inclusion of an SU(5)-sector. We note that the divisors (2.17) support U(1)-gauge fields
in F-theory due to their vanishing intersections with vertical divisors D↵ and the zero-
section, as well as potential Cartan divisors Di of non-Abelian groups. Finally, we have
calculated the intersection matrix of the Shioda map of ŝQ, ŝR in (2.18).

We finish this section by some concluding definitions and remarks on the general
structure of the fibrations (2.7) and X̂. First, we summarize the basis of divisors on X̂
as

DA = (S̃P , D↵, Di, �(ŝm)) , A = 0, 1, . . . , h(1,1)(B̂) + rk(G) + 3 , (2.22)

where we have collectively denoted the basis (2.17) as �(ŝm). We have also introduced
one set of Cartan divisors Di with i = 1, . . . , rk(G) in order to prepare for the presence
of a non-Abelian group G, as in section 6 with G =SU(5). These divisors Di are present
for non-generic X̂ with a resolved singularity of type G of the elliptic fibration over
codimension one in B. The Di admit a fibration

c�↵i
// Di

✏✏

Sb
G

(2.23)

where the general fiber is a rational curve c�↵i
⇠= P1 that corresponds to the simple

root �↵i of G. The divisor Sb
G in B physically supports 7-branes that give rise to the

non-Abelian gauge symmetry G in F-theory [?, ?, ?].

Next, we expand the canonical bundle KB of the base B in terms of the vertical
divisors D↵ as

[KB] = K↵D↵ (2.24)

with coe�cients K↵. Similarly, we expand the divisors

S7 = n↵
7D

b
↵ , S9 = n↵

9D
b
↵ , (2.25)

with general positive integral coe�cients n↵
7 , n

↵
9 , ↵ = 1, . . . , h(1,1)(B). It is important

to emphasize that the coe�cients n↵
7 , n

↵
9 are in general further bounded from above by

the requirement that all sections si in (2.10) are generic, i.e. that the line bundle of si
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�(ŝm) := Sm � S̃P � ⇡(Sm · S̃P ) , (2.20)

where we introduced the combination [?, ?]

S̃P = SP +
1

2
[K�1

B ] . (2.21)

We refer to [?, ?, ?, ?, ?] for more details on the Shioda map and to section 6 for the
inclusion of an SU(5)-sector. We note that the divisors (2.17) support U(1)-gauge fields
in F-theory due to their vanishing intersections with vertical divisors D↵ and the zero-
section, as well as potential Cartan divisors Di of non-Abelian groups. Finally, we have
calculated the intersection matrix of the Shioda map of ŝQ, ŝR in (2.18).
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Construc+on	  of	  general	  ellip+c	  fibra+ons:	  

–  CY-‐condi+on:	   and	  	  	  	  	  	  	  fixed	  

	  	  	  	  Engineer	  non-‐Abelian	  groups:	  make	  si	  non-‐generic	  

	  	  	  	  Can	  apply	  to	  toric	  cases	  w/	  twoU(1)’s	  

Classifica+on	  of	  dP2	  ellip+c	  fibra+ons	  

S9S7

[Borchmann,Mayrhofer,Palti,Weigand; Braun,Grimm,Keitel]



All	  topologically	  dis+nct	  D=6	  &	  D=4	  	  vacua	  for	  fixed	  base	  B.	  	  Example:	  

Can	  construct	  and	  study	  all	  these	  CYs	  explicitly	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
(no	  restric+on	  to	  toric	  hypersurfaces	  	  seems	  necessary)	  

1.	  	  	  B=P3	  ,	  	  X	  	  	  generic	  [all	  si	  exist,	  generic]:	  U(1)	  x	  U(1)	  

2.	  	  B=P3	  ,	  X	  	  non-‐generic	  [si,realize	  SU(5)	  at	  t=0]:	  SU(5)	  x	  U(1)	  x	  U(1)	  

S7 = n7HP3

S9 = n9HP3

s3 = t2s03

s2 = t2s02

s5 = ts05

s1 = t3s01

[M.C., Klevers,Piragua]

Classifica+on	  of	  dP2	  ellip+c	  fibra+ons	  



MATTER	  U(1)XU(1)	  F-‐THEORY	  VACUA	  
Codimension	  two	  singulari+es	  of	  dP2-‐ellip+c	  fibra+ons	  



Ma]er	  representa+ons	  

•  Ma]er	  in	  F-‐theory	  arises	  from	  a	  co-‐dimension	  two	  singulari+es	  in	  B	  

•  Singular	  fiber	  	  resolved	  into	  reducible	  curves	  E=c1+cmat	  	  	  	  	  w/	  c1.cmat=2	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
(cmat	  -‐	  M2-‐branes	  wrapping	  	  isolated	  P1	  in	  reducible	  fiber)	  

There are six di↵erent matter representations R = 1(q1,q2) in the F-theory compact-

ification on the fourfold X̂. The list of realized U(1)⇥U(1)-charges, together with the
cohomology class of the corresponding matter surfaces ⌃R reads

Matter Homology class of ⌃R in B

1(1,0) 6[K�1
B ]2 + 4[K�1

B ] · S7 � 5[K�1
B ] · S9 + S2

9 + S7 · S9 � 2S2
7

1(0,1) 6[K�1
B ]2 + 4[K�1

B ] · (S7 + S9)� 2S2
7 � 2S2

9

1(1,1) 6[K�1
B ]2 + 4[K�1

B ] · S9 � 5[K�1
B ] · S7 + S2

7 + S7 · S9 � 2S2
9

1(�1,1)

�

[K�1
B ] + S7 � S9

� · S7

1(0,2) S7 · S9

1(�1,�2) S9 ·
�

[K�1
B ] + S9 � S7

�

(3.3)

Here we used as before the notation [K�1
B ] for the anti-canonical divisor of the base and

denoted the intersection on B as ’·’. These representations of matter fields are model-
independent and in particular do not depend on the choice of base B. The last three
matter representations arise from rational curves created in the blow-up ⇡�1

2 in (3.2).
Their matter curves are simply described by s3 = s7 = 0, s7 = s9 and s8 = s9 = 0 in
the order of their appearance in (3.3). The first three representations arise from rational
curves from the blow-up ⇡�1

1 in (3.2). The determination of their matter curves is more
involved and presented below.

All the matter representations in (3.2) arise from M2-branes on rational curves cw
with wight w = (q1, q2). These charges are calculated by the intersection of the curve cw
with the Shioda maps �(ŝQ), �(ŝR) defined in (2.17) as

qm ⌘ Dm · cw = (SQ,R · cw)� (SP · cw) , (3.4)

All curves cw are part of an I2-fiber. Along the matter surfaces in (3.3) the general
elliptic fiber E splits into two rational curves c1, c2 ⇠= P1 intersecting in two points with
one curve, say c1, the original singular fiber and the other curve c2 ⌘ cw. We write this
as

I2-fiber : E = c1 + c2 , c1 · c2 = 2 . (3.5)

A cartoon of such a reducible fiber together with possible locations of the points P , Q
and R is depicted in figure 3. In terms of the Calabi-Yau constraint (2.1) the split of E

Figure 3: I2-fiber from resolving a codimension two singularity of the fibration of X̂.
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cmat

Original	  singular	  fiber	  	  
(marked	  by	  zero	  sec+on	  SP)	  

Isolated	  ma]er	  curve	  

Advances	  in	  higher	  co-‐dimension	  singulari+es:.[Esole,Yau]..,[Lawrie,Schäfer-Nameki]	  
Recent	  advances	  via	  deforma+ons	  of	  singulari+es:           [Halverson,Grassi,Shaneson]    

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  [M.C.,Klevers,Piragua]
related	  work:[Borchman, Mayrhofer,Weigand] 



Charged	  ma]er	  of	  Type	  I	  
Charge	  formula:	  

Strategy:	  look	  for	  collisions	  of	  ra+onal	  sec+ons	  with	  singulari+es	  in	  
Weierstrass	  fibra+on	  (WSF)	  	  

q1 = (SQ � SP ) · cmat q2 = (SR � SP ) · cmat

Codim.	  
two	  sing.	   Resolu+on	  

WSF:	  	  

.
cmat



Charged	  ma]er	  of	  Type	  I	  
Charge	  formula:	  

Strategy:	  look	  for	  collisions	  of	  ra+onal	  sec+ons	  with	  singulari+es	  in	  
Weierstrass	  fibra+on	  (WSF)	  	  

q1 = (SQ � SP ) · cmat q2 = (SR � SP ) · cmat

Codim.	  
two	  sing.	   Resolu+on	  

WSF:	  	  

.
cmat

List	  of	  charged	  ma]er	  representa+ons	  

Representa+on	   Collision	  pa]ern	  

i.	  	  	  (q1,q2)=(1,0)	  	   	  Q	  	  	  	  WS-‐singularity	  

ii.	  	  (q1,q2)=(0,1)	   	  R	  	  	  	  	  WS-‐singularity	  

iii.	  (q1,q2)=(1,1)	   	  Q,R	  WS-‐singularity	  

i.	  

ii.	  

iii.	  



Charged	  ma]er	  of	  Type	  II	  
Strategy:	  look	  for	  loci	  in	  B	  where	  the	  sec+ons	  are	  ill-‐defined	  	  

sec+ons	  no	  longer	  points	  in	  E,	  wrap	  en+re	  P1	  in	  smooth	  X	  

P : E2 \ p = [�s9 : s8 : 1 : 1 : 0] , Q : E1 \ p = [�s7 : 1 : s3 : 0 : 1] ,
R : Du \ p = [0 : 1 : 1 : �s7 : s9] .



Charged	  ma]er	  of	  Type	  II	  
Strategy:	  look	  for	  loci	  in	  B	  where	  the	  sec+ons	  are	  ill-‐defined	  	  

sec+ons	  no	  longer	  points	  in	  E,	  wrap	  en+re	  P1	  in	  smooth	  X	  

List	  of	  charged	  ma]er	  representa+ons	  

Representa+on	   Ill-‐defined	  sec+on	  

iv.	  (q1,q2)=(-‐1,1)	  	   	  Q	  at	  s3=s7=0	  

v.	  	  (q1,q2)=(0,-‐2)	   	  R	  at	  s7=s9=0	  

vi.(q1,q2)=(-‐1,-‐2)	   	  zero	  sec+on	  P	  	  
	  	  	  	  	  at	  s8=s9=0	  

cmat

cmat

cmat

iv.	  
v.	  

vi.	  

P : E2 \ p = [�s9 : s8 : 1 : 1 : 0] , Q : E1 \ p = [�s7 : 1 : s3 : 0 : 1] ,
R : Du \ p = [0 : 1 : 1 : �s7 : s9] .



Summary	  of	  Ma]er	  Representa+ons	  

• We develop techniques to calculate explicitly the most general G4-flux that belongs
to the vertical cohomology H(2,2)

V resolved Calabi-Yau fourfolds. (See Section 3.2 and 4).
To this end we algebraically calculate the full vertical cohomology ring of these Calabi-
Yau fourfolds. These cohomology calculations allow us to compute the general expression
for the Euler number and the Chern classes of these fourfolds, both in the U(1)⇥U(1)
and SU(5)⇥U(1)⇥U(1) cases. As an application of these techniques we derive an ex-
plicit basis of the cohomology group for all elliptically fibered Calabi-Yau fourfolds with
fiber in dP2 and base B = P3.3 Again these techniques are general and not restricted
to toric examples. When the G4-flux is integrated over matter surfaces (determined via
the geometric techniques mentioned above) we obtain the chirality of three matter repre-
sentations (second set in Table 1.1). Chiralities of the remaining matter representations
are determined by a subset of the 3D CS-terms of the dual M-theory invoking M-/F-
theory duality. 4D anomalies are found to be cancelled. We note that the rest of the
3D CS-terms, in particular those for the Kaluza-Klein vector, provide an independent
check for chiralities of matter multiplets obtained via geometric results. It is impor-
tant to note that, given the representations that are geometrically realized, all CS-terms
taken together are su�cient to determine chiralities of all the matter multiplets. Our
geometric techniques allow us to have an independent determination for a subset of them
(See Section 5). We also perform an independent check that with the obtained spectrum
the four-dimensional anomalies are cancelled. Explicit results are presented for the most
general G4-flux for all generic resolved elliptic Calabi-Yau fourfolds over the base B = P3,
both for U(1)⇥ U(1) and SU(5)⇥ U(1)⇥ U(1) (for a specific embedding of SU(5)).

U(1)⇥ U(1) SU(5)⇥ U(1)⇥ U(1)

(1, 0) (0, 1) (1,�1) (5,�2
5 , 0) (5,

3
5 , 0) (5,�2

5 ,�1)

(�1, 1) (0, 2) (�1,�2) (5,�2
5 , 1) (5,

3
5 , 1) (10,�1

5 , 0)

Table 1.1: Matter representation for F-theory compactifications with rank- two Mordell
Weil group. While U(1) ⇥ U(1) charges for SU(5) singlets are general, U(1) ⇥ U(1)
charges for the additional non-singlet matter representations of SU(5) depend on a specific
realization of the SU(5) gauge symmetry.

We would like to emphasize that our calculations are performed for general globally
defined elliptic Calabi-Yau fourfolds and are not restricted to geometries described by
toric reflexive polytopes. In recent works [45, 54, 47] a classification of toric Calabi-Yau

3These techniques have been used in the context of mirror symmetry on Calabi-Yau fourfolds in
[51, 52, 53].

5

Type I 

Type II  
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X	  	  non-‐generic	  	  realize	  SU(5)	  x	  U(1)	  x	  U(1)	  	  
Apply	  analogous	  techniques	  to	  determine	  ma]er	  representa+on	  	  
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• We develop techniques to calculate explicitly the most general G4-flux that belongs
to the vertical cohomology H(2,2)
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the four-dimensional anomalies are cancelled. Explicit results are presented for the most
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5

Type I 

Type II  

X	  	  non-‐generic	  	  realize	  SU(5)	  x	  U(1)	  x	  U(1)	  	  
Apply	  analogous	  techniques	  to	  determine	  ma]er	  representa+ons	  	  

s3 = t2s03

s2 = t2s02

s5 = ts05

s1 = t3s01
w/ SU(5) at t=0 Specific example:  
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MATTER	  SPECTRUM	  IN	  6D	  
Ma]er	  mul+plici+es	  



6D	  ma]er	  mul+plici+es	  
Ma]er	  mul+plici+es	  =	  number	  of	  points	  in	  codimension	  2	  ma]er	  loci	  in	  B	  

1.	  	  Ma]er	  of	  Type	  II:	  simple	  complete	  intersec+on	  

Number	  of	  points	  =	  deg(si)*deg(sj)	  

si=sj=0	  

B	  
si	  

sj	  

[M.C.,Klevers,Piragua]



6D	  ma]er	  mul+plici+es	  
Ma]er	  mul+plici+es	  =	  number	  of	  points	  in	  codimension	  2	  ma]er	  loci	  in	  B	  

1.	  	  Ma]er	  of	  Type	  II:	  simple	  complete	  intersec+on	  

Number	  of	  points	  =	  deg(si)*deg(sj)	  

2.	  	  Ma]er	  of	  Type	  I:	  	  opposite	  of	  complete	  intersec+ons	  

	  	  	  	  	  	  Described	  	  by	  prime	  ideals	  (8	  polynomial	  equa+ons)	  

	  	  	  	  	  	  	  Coun+ng	  of	  points	  via	  resultant of	  polynomial	  system	  

si=sj=0	  

B	  
si	  

sj	  

B	  

Type	  II	  

[M.C.,Klevers,Piragua]



6D	  ma]er	  mul+plici+es	  
Ma]er	  mul+plici+es	  =	  number	  of	  points	  in	  codimension	  2	  ma]er	  loci	  in	  B	  

1.	  	  Ma]er	  of	  Type	  II:	  simple	  complete	  intersec+on	  

Number	  of	  points	  =	  deg(si)*deg(sj)	  

2.	  	  Ma]er	  of	  Type	  I:	  	  opposite	  of	  complete	  intersec+ons	  

	  	  	  	  	  	  Described	  	  by	  prime	  ideals	  (8	  polynomial	  equa+ons)	  

	  	  	  	  	  	  	  Coun+ng	  of	  points	  via	  resultant of	  polynomial	  system	  

Method	  general!	  	  Can	  now	  apply	  to	  examples	  of	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  rk=1	  MW        [Morrison,Park;Mayrhofer,Palti,Weigand]                                                         

                                         rk=2	  	  	  MW	  	  	  	  	  	  	  	  	  	  [Borchman,Mayrhofer,Weigand],…                        
                                                .                  	  

si=sj=0	  

B	  
si	  

sj	  

B	  

Type	  II	  

[M.C.,Klevers,Piragua]



6D	  ma]er	  spectrum	  &	  mul+plici+es	  
6D	  ma]er	  spectrum	  and	  mul+plici+es can	  be	  obtained	  over	  any	  base	  B	  

Example:	  	  	  	  	  	  	  B=P2	  	  	  	  	  	  	  	  	  	  	  	  w/U(1)	  x	  U(1)	  

Integers	  n7,	  n9	  specify	  all	  dP2-‐fibra+on	  over	  P2	  	  

Full	  spectrum	  and	  mul+plici+es	  also	  with	  SU(5)xU(1)x(1)	  group	  

	  	  	  	  	  	  	  Consistency	  check:	  spectrum	  found	  to	  cancel	  6D	  anomalies!	  

(q1, q2) Multiplicity

(1, 0) 54� 15n9 + n2
9 + (12 + n9)n7 � 2n2

7

(0, 1) 54 + 2
�
6n9 � n2

9 + 6n7 � n2
7

�

(1, 1) 54 + 12n9 � 2n2
9 + (n9 � 15)n7 + n2

7

(�1, 1) n7 (3� n9 + n7)

(0, 2) n9n7

(�1,�2) n9 (3 + n9 � n7)

Type	  I	  

Type	  II	  



MATTER	  SPECTRUM	  IN	  4D	  
	  Ma]er	  surfaces,	  G4-‐flux	  &	  3D	  CS-‐terms	  



4D	  ma]er	  spectrum	  

4D-‐ma]er	  representa+ons	  the	  same	  as	  in	  6D	  (all	  in	  the	  fiber)	  
4D	  ma]er	  chirali+es	  =	  codimension	  two	  ma]er	  loci in	  B	  +	  G4-‐flux:

Geometry:	  I.Ma]er	  surfaces:	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  points	  in	  B2	  	  ma]er	  curves	  	  	  	  	  	  	  	  	  in	  B3	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Type	  II	  ma]er	  surfaces	  found	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Type	  I	  ma]er-‐hard	  

	  	  	  	  	  	  	  	  	  	  	  	  	  II.	  G4-‐flux:	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Construc+on	  of	  homology	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  First	  construc+on	  of	  G4-‐flux	  with	  non-‐holomorphic	  zero-‐sec+on	  	  

⌃R

Here we extend this geometric analysis to fourfolds. The main di↵erence to the 6D
case is that matter is not localized anymore at points in B, but on in general rather
complicated matter curves. The determination of these matter curves and some of their
associated matter surfaces, along with the Yukawa points, is presented in section 3.1.
Then, in section 3.2 we present a method to determine the cohomology ring of the
fourfold X̂. We use these techniques to derive general expressions for the Euler number
of X̂ and its second Chern class. For the example of B = P3 we finally compute the full
vertical cohomology group. These calculations serve as a preparation for the computation
of 4D chiralities in section 4, which requires the construction of G4-flux.

3.1 Singularities of the Fibration: Matter Surfaces & Yukawa
Points

3.1.1 Matter: Codimension Two

In general, the determination of the matter sector in F-theory vacua with general gauge
group requires a detailed analysis of singularities of the elliptic fibration of the Calabi-Yau
fourfold at codimension two in the base B, where the elliptic fiber E becomes reducible.
Then one has to identify the isolated rational curve cw in the fiber over these loci,
since these correspond in F-theory to matter in a representation R from wrapped M2-
brane states. These curves are in one-to-one correspondence to the weights w of the
representations R and accordingly labeled. In the case of elliptically fibered Calabi-Yau
fourfolds, the codimension two matter loci are Riemann surfaces of genus g, the so-called
matter curves ⌃R in B conveniently labeled by the corresponding matter representation
R. In addition, for the determination of four-dimensional chirality, compare section ??,
we have to know the homology classes of the associated matter surfaces [?]

cmat
// CR

✏✏

⌃R

(3.1)

which are constructed as the fibration of the rational curve cw corresponding to a given
weight w of the representation R fibered over ⌃R.

In this section we determine the matter curves ⌃R and the matter surfaces Cw
R for the

six representations occurring in the Calabi-Yau fourfold X̂. As we demonstrate, their
determination is complicated by the fact that three of the six the codimension two loci in
the base B where the elliptic fiber E becomes reducible are themselves reducible curves.
Their irreducible components are multiple di↵erent matter curves ⌃R. Some of these
matter curves, denoted ⌃R0 , fail to be complete intersection and can only be described in
terms of their prime ideals. However, these prime ideals are straightforwardly constructed
from the two equations of the original reducible codimension two locus. However, the

11

H
(2,2)
V (X̂)

[M.C.,Grassi,Klevers,Piragua]

�(R) = �1

4

Z

CR

G4



4D	  ma]er	  spectrum	  
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	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  points	  in	  B2	  	  ma]er	  curves	  	  	  	  	  	  	  	  	  in	  B3	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Type	  II	  ma]er	  surfaces	  found	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Type	  I	  ma]er-‐hard	  

	  	  	  	  	  	  	  	  	  	  	  	  	  II.	  G4-‐flux:	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Construc+on	  of	  homology	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  First	  construc+on	  of	  G4-‐flux	  with	  non-‐holomorphic	  zero-‐sec+on	  	  

⌃R

Here we extend this geometric analysis to fourfolds. The main di↵erence to the 6D
case is that matter is not localized anymore at points in B, but on in general rather
complicated matter curves. The determination of these matter curves and some of their
associated matter surfaces, along with the Yukawa points, is presented in section 3.1.
Then, in section 3.2 we present a method to determine the cohomology ring of the
fourfold X̂. We use these techniques to derive general expressions for the Euler number
of X̂ and its second Chern class. For the example of B = P3 we finally compute the full
vertical cohomology group. These calculations serve as a preparation for the computation
of 4D chiralities in section 4, which requires the construction of G4-flux.

3.1 Singularities of the Fibration: Matter Surfaces & Yukawa
Points

3.1.1 Matter: Codimension Two

In general, the determination of the matter sector in F-theory vacua with general gauge
group requires a detailed analysis of singularities of the elliptic fibration of the Calabi-Yau
fourfold at codimension two in the base B, where the elliptic fiber E becomes reducible.
Then one has to identify the isolated rational curve cw in the fiber over these loci,
since these correspond in F-theory to matter in a representation R from wrapped M2-
brane states. These curves are in one-to-one correspondence to the weights w of the
representations R and accordingly labeled. In the case of elliptically fibered Calabi-Yau
fourfolds, the codimension two matter loci are Riemann surfaces of genus g, the so-called
matter curves ⌃R in B conveniently labeled by the corresponding matter representation
R. In addition, for the determination of four-dimensional chirality, compare section ??,
we have to know the homology classes of the associated matter surfaces [?]

cmat
// CR

✏✏

⌃R

(3.1)

which are constructed as the fibration of the rational curve cw corresponding to a given
weight w of the representation R fibered over ⌃R.

In this section we determine the matter curves ⌃R and the matter surfaces Cw
R for the

six representations occurring in the Calabi-Yau fourfold X̂. As we demonstrate, their
determination is complicated by the fact that three of the six the codimension two loci in
the base B where the elliptic fiber E becomes reducible are themselves reducible curves.
Their irreducible components are multiple di↵erent matter curves ⌃R. Some of these
matter curves, denoted ⌃R0 , fail to be complete intersection and can only be described in
terms of their prime ideals. However, these prime ideals are straightforwardly constructed
from the two equations of the original reducible codimension two locus. However, the
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V (X̂)

[M.C.,Grassi,Klevers,Piragua]

�(R) = �1

4

Z

CR

G4

Evaluate	  integrals	  	  	  	  	  
	  Chiral	  index	  	  



M/F-‐theory	  duality	  in	  D=3	  

Condi+ons	  for	  G4-‐flux	  in	  F-‐theory	  	  	  
G4-‐flux	  in	  F-‐theory	  =	  G4-‐flux	  in	  M-‐theory	  +	  extra	  condi+ons	  	  	  

	  F-‐theory	  on	  singular	  	  X4	  	  

4D	  massless	  chiral	  ma]er	  	  	  

Further	  S1	  
reduc+on	  

	  M-‐theory	  on	  resolved	  	  X4	  	  	  	  	  	  .	  	  

As	  	  3D	  	  theory	  	  of	  	  11D	  SUGRA	  
reduced	  on	  	  	  X4	  	  

	  D=3,	  N=2	  theory	  on	  Coulomb	  branch	  

 Match as quantum effective actions in IR  
(Integrate out massive states: massive 4D matter, KK-states) 

 c.f., Nati Seiberg’s talk 

c.f., John Schwarz’s talk 



I.	  	  	  	  	  G4	  in	  M-‐theory:	  3D	  Cherns-‐Simons	  terms	  	  are	  classical	  

DA=	  basis	  of	  divisors	  on	  X4	  	  

II.  G4	  in	  F-‐theory	  (3D	  Coulomb	  branch):	  
	  some	  classical:	  4D	  gaugings	  of	  RR-‐axions	  (GS)	  	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  some	  exo+c	  (set	  to	  zero)	  
	  some	  loop-‐generated:	  massive	  fermions	  on	  3D	  Coulomb	  branch	  +KK-‐states	  

S3D
CS =

Z
1

2
⇥ABA

A ^ FB ⇥AB =

Z

X̂4

G4 ^ !A ^ !B

[Grimm,Kerstan,Palti,Weigand]

⇥loop

AB =
1

2

X

R

�(R)
X

q2R

X

k

qAqBsign(mCB +
k

r
)

[Grimm,Savelli]

Condi+ons	  for	  G4-‐flux	  in	  F-‐theory	  	  	  

[Aharony,Hanany,Intriligator,Seiberg,Strassler]
…

KK	  
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[Grimm,Kerstan,Palti,Weigand]

[Grimm,Savelli]

Condi+ons	  for	  G4-‐flux	  in	  F-‐theory	  	  

G4-‐condi+ons	  

Constrain	  G4	  	  in	  	  M-‐theory	  (I.)	  	  	  so	  that	  θAB=0	  	  for	  	  	  CS-‐terms	  that	  	  in	  F-‐
theory	  (II.)	  	  are	  	  neither	  classically,	  nor	  one-‐loop	  generated	  	  

Nonzero  θAB   in turn determine all chiralities and all anomaly cancellations!   



Example	  B=P3	  	  	  w/	  U(1)	  x	  U(1):	  most	  general	  solu+on	  for	  G4-‐flux	  	  	  

	  All	  4D	  anomalies	  cancelled;	  	  

	  Chirali+es	  checked	  against	  	  Type	  II	  ma]er	  geometric	  chirality	  calcula+ons	  

The	  full	  4D	  spectrum	  

1
4n7n9(�2a4 + a5(4� n7 + n9))

� 1
4n9(n7 � n9 � 4)(a3 + 2a4 + a5(n7 � 2n9))

1
4 (a3 � a4)n7 (4 + n7 � n9)

1
2 [a5n9 (4� n7 + n9) (12� n9)� a4 (n7 (8� n7) + (12� n9) (4 + n9))]

1
4

⇥
a5n7n9 (4� n7 + n9) + a3

�
2n2

7 � (12� n9) (8� n9)� n7 (16 + n9)
�⇤

1
4

⇥
2a5n9(4� n7 + n9)(12� n9)� (a3 + a4)(n

2
7 + n7(n9 � 20) + 2(12� n9)(4 + n9))

⇤

4D	  chirali+es	  

(1, 0)

(0, 1)
(1, 1)
(�1, 1)

(0, 2)
(�1,�2)

(q1, q2)

Here we have also employed that �0(X̂) = 2, cf. (3.29). Using the flux quantization
condition (4.1) this can be written as

nD3 = �60� 1

2

Z

X̂

⇣
x2 � x ^ c2(X̂)

⌘
, (5.2)

where we used x = G4 +
1
2c2(X̂). By flux quantization (4.1) we know that x is integral,

i.e. an element in H4(X̂,Z). This implies by Wu’s theorem that x2 ⇠= c2(X̂) ^ x mod 2
[?], so that the integrand in (5.2) is divisible by two. Thus, the number nD3 of D3-branes
is integral for every elliptically Calabi-Yau fourfold X̂ with general elliptic fiber in dP2.

The G4-Flux on X̂ with B = P3

Next we explicitly determine the G4-flux on X̂ for a general elliptic fibration over the
base B = P3, i.e. for all integers n7, n9 in the allowed region in figure 2.

We begin by expanding the G4-flux according to (4.3) into the basis of H(2,2)
V (X̂)

determined in (3.34),

G4 = a1H
2
B + a2HB · SP + a3HB · �(ŝQ) + a4HB · �(ŝR) + a5S

2
P , (5.3)

for general coe�cients ai, where as before the application of Poincaré duality is under-
stood. Then we calculate the CS-levels (4.4) employing the intersection ring (B.4) in the
basis of divisors (3.31), but with S̃P = SP + 2HB as defined in (2.21) replacing the zero
section SP . The generic solution is a three-parameter family of G4-flux given by

G4 = a5n9 (4� n7 + n9)H
2
B + 4a5HBSP + a3HB�(ŝQ) + a4HB�(ŝR) + a5S

2
P , (5.4)

which is valid for all values of n7 and n9 in the allowed region figure 2.

This generic three-parameter solution for the G4-flux is expected since there are
generically five di↵erent surfaces in (5.3) and two independent conditions (4.10), namely
⇥0↵ = ⇥↵� = 0 with ↵, � = 1. However, the situation becomes more interesting at spe-
cial values for (n7, n9). First, we recall that for (n7, n9) on the boundary of the region in

figure 2, the dimensionality of H(2,2)
V (X̂) decreases to 4. The surface S2

P becomes linearly
dependent in homology on the four other surfaces, as noted below (3.36). At the same
time, the number of independent conditions on the G4-flux remains two. Thus, we find
two independent G4-fluxes on the boundary. We have depicted this situation in figure 3

In all these cases we can obtain the expression for the G4-flux by specializing (5.4).
This ensures that all quantities, in particular the chiralities of 4D charged matter, that
are calculated from the most general G4-flux specialize correctly for non-generic values
of (n7, n9). We discuss this specialization at the end of this subsection, but note that
the reader may want to skip these details on a first read and proceed with the chirality
formulas in section 5.2.

Before delving into the details of this analysis, we evaluate the D3-brane tadpole
(4.2) for the Calabi-Yau fourfold X̂ ! P3 and the G4-flux (5.4). First, we calculate

37
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Summary	  

•  Systema+c	  construc+on	  of	  ellip+c	  fibra+ons	  with	  rk=2	  MW-‐groups	  	  

•  D=6:	  Ma]er	  spectrum	  and	  mul+plicity	  for	  general	  B	  	  

	  	  	  	  	  U(1)xU(1)	  SU(5)xU(1)xU(1)	  	  -‐	  	  All	  Geometry	  

•  D=4	  	  Ma]er	  spectrum	  and	  chirality	  	  

	  	  	  	  	  Geometry:	  	  Ma]er	  surfaces	  for	  Type	  II	  ma]er	  	  (Type	  I	  ma]er	  hard)	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  G4-‐flux	  constructed	  	  for	  en+re	  class	  of	  vacua	  (w/fixed	  base)	  

	  	  	  	  	  D=3	  M/F-‐theory	  duality:	  Thorough	  formula+on	  of	  G4-‐flux	  condi+ons	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (new	  CS-‐terms	  from	  charged	  KK-‐states)	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Determine	  all	  chirali+es	  (checked	  against	  geom.	  calc.)	  
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Outlook	  

•  4D:	  Generaliza+on	  to	  other	  bases,	  SUSY,…	  	  	  	  	  	  	  	  	  	  	  	  Phenomenology	  	  

•  More	  U(1)’s..	  	  



Ellip+c	  curve	  E	  with	  three	  ra+onal	  points	  Q,	  R,	  S	  

	  Line	  bundle	  M=O(P+Q+R+S)	  of	  degree	  4	  on	  E	  	  (non-generic biquadric in P3)	  

[M.C.,Klevers, Piragua, Peng Song] to	  appear	  

Announce:	  	  Ellip+c	  	  CY	  with	  rk(MW)=3	  

Generic E:  Calabi-Yau Complete Intersection (defined 
by two equations)  in the blow-up of P3 at three points 

-The birational map to the Weierstrass model worked out 

-Elliptic fibration, classification   

-Matter, Multiplicities... 
Work in progress 


