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FIG. 25. The figure on the left is for t < t

s

, the right one for t > t

s

. The purple circles are circles

of radius 2t centered at some point in ⌃. At time t, all quasiparticles which entangle with those at

a point ~x lie on such a circle centered at ~x. For t > t

s

all such circles completely lie outside of ⌃.shape

For holographic systems, the saturation time for a sphere is given by

t
s

=
R

c
E

> R, c
E

=

s
d

2(d � 1)
< 1 for d > 2 , (B17)

where we have quoted the value of c
E

for a neutral system. We thus see that for a strip,

holographic systems saturate faster than the EPR model (t
s

= 1) and the RPS model

(t
s

= 2R, as can be calculated from the above criterion or read from Fig. 21), while for a

sphere holographic systems saturate slower than the free streaming models that have t
s

= R.

Note that the velocity c
E

has also appeared in [19] as the “expansion” velocity of the the

time evolution of a local operator in a thermal state.

For a general measure from our discussion in Sec. IVC1 we expect that in the t ! 1
limit, there are generically 1/t corrections to the leading behavior (4.22). This implies

that the saturation time is generically infinite. As an example, let us consider ⌃ a sphere,

for which case the shell in Fig. 5 is also spherical. One can then compute the subleading

corrections using (B3) by expanding µcap(⇠) to higher orders in ⇠,

µcap(⇠) = seq ⇠ + a2 ⇠
2 + a3 ⇠

3 + . . . , (B18) eeoo

where we used (4.23). We will not go into details here, except to mention that whenever

the nonlinear term in (B18) are non-vanishing one gets subleading corrections in 1/t of the
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Global	  quench:	  
•  ThermalizaLon	  in	  a	  pure	  state	  
•  Start	  with	  QFT	  in	  a	  short-‐range	  entangled	  

state	  at	  t=0.	  (E.g.	  inject	  uniform	  energy	  
density	  or	  change	  the	  Hamiltonian)	  

•  One-‐point	  funcLons	  reach	  thermal	  value	  
	  

•  EE	  (similarly	  to	   	   	   	  	  	  )	  take	  
to	  saturate	  to	  thermal	  value	  

•  Good	  diagnosLc	  of	  thermalizaLon	  is	  how	  
close	   	   	   	  	  is	  to	  

h�(R)�(0)i ts ⇠ R

⌃

⌃
t

S0 =
A⌃

�d�2
+ . . .

Typical	  point	  inside	  is	  
unentangled	  with	  
outside	  

Typical	  point	  inside	  is	  
entangled	  with	  
outside	  

t
loc

⇠ 1/T

| (t)i

Seq = sth VA + . . .

TrĀe
��(E)H

Entanglement	  genera6on	  in	  global	  quenches	  
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t
loc

⇠ 1/T

What	  is	  the	  Lme	  evoluLon	  of	  EE?	  
•  2d:	  numerics,	  CFT	  techniques	  [Huse,	  

Kim;	  MM,	  Stanford;	  Calabrese,	  Cardy]	  
•  d>2:	  holography,	  free	  field	  theory	  

[Hartman,	  Maldacena;	  Liu,	  Suh;	  Cotler,	  
Hertzberg,	  MM,	  Mueller]	  
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Monotonicity	  of	  relaLve	  entropy	  combined	  with	  
emergent	  light	  cones	  
•  vB	  cone	  at	  finite	  temperature	  in	  chaoLc	  systems	  
•  Monotonicity	  of	  relaLve	  entropy	  for	  subsystems	  
•  Tsunami	  bound	  [Aahami-‐Jeddi,	  Hartman]	  

	  
	  
	  
	  	  

	  
	  

t
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A0(t0)

A(t)

S[A(t)]  S[A0(t0)] + sth (V [A(t)]� V [A0(t0)])

Bounds	  on	  entanglement	  growth	  



Monotonicity	  of	  relaLve	  entropy	  combined	  with	  
emergent	  light	  cones	  
•  vB	  cone	  at	  finite	  temperature	  in	  chaoLc	  systems	  
•  Monotonicity	  of	  relaLve	  entropy	  for	  subsystems	  
•  Tsunami	  bound	  [Aahami-‐Jeddi,	  Hartman]	  

	  
	  

•  Taking	  
	  	  

	  
	  

t

x

A0(t0)

A(t)

⌃

vB

S[A(t)]  S[A0(t0)] + sth (V [A(t)]� V [A0(t0)])

tsunami(t)

t0 = 0 : S[A(t)]  sth V [tsunami(t)]

Bounds	  on	  entanglement	  growth	  



Monotonicity	  of	  relaLve	  entropy	  combined	  with	  
emergent	  light	  cones	  
•  vB	  cone	  at	  finite	  temperature	  in	  chaoLc	  systems	  
•  Monotonicity	  of	  relaLve	  entropy	  for	  subsystems	  
•  Tsunami	  bound	  [Aahami-‐Jeddi,	  Hartman]	  

	  
	  

•  Taking	  
	  	  

•  Consequences:	  
	  

t

x

A0(t0)

A(t)

⌃

vB

S[A(t)]  S[A0(t0)] + sth (V [A(t)]� V [A0(t0)])

tsunami(t)

t0 = 0 : S[A(t)]  sth V [tsunami(t)]

vE  vB , tS � Rinsc

vB

Bounds	  on	  entanglement	  growth	  



Monotonicity	  of	  relaLve	  entropy	  combined	  with	  
emergent	  light	  cones	  
•  vB	  cone	  at	  finite	  temperature	  in	  chaoLc	  systems	  
•  Monotonicity	  of	  relaLve	  entropy	  for	  subsystems	  
•  Tsunami	  bound	  [Aahami-‐Jeddi,	  Hartman]	  

	  
	  

•  Taking	  
	  	  

•  Consequences:	  
	  
Proposed	  inequality	  
	  
	  
•  Rigorous	  versions	  exist	  for	  laece	  systems	  
•  Can	  be	  proven	  in	  holography	  [MM]	  
	  
CombinaLon	  of	  the	  two	  bounds	  captures	  many	  of	  the	  
essenLal	  details	  of	  entanglement	  growth	  in	  chaoLc	  
systems.	  
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Holographic	  models	  of	  quenches	  
•  Dual	  of	  Cardy-‐Calabrese	  boundary	  state	  is	  eternal	  

BH	  with	  end	  of	  world	  brane	  [Hartman,	  Maldacena]	  
•  InjecLng	  energy	  density	  is	  dual	  to	  a	  collapsing	  shell.	  

SaturaLon	  happens	  when	  the	  HRT	  surface	  touches	  
the	  shell	  [Liu,	  Suh]	  

tE =
�

4

t

|Bi

HRT	  

End	  of	  the	  world	  brane	  quench	  

Vaidya	  quench	  

t

HRT	  
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SaturaLon	  happens	  when	  the	  HRT	  surface	  touches	  
the	  shell	  [Liu,	  Suh]	  

•  The	  two	  setups	  are	  equivalent	  for	  large	  R	  [MM]	  
•  vE	  is	  determined	  by	  behind	  the	  horizon	  physics	  
•  SaturaLon	  is	  determined	  by	  near	  horizon	  physics,	  

and	  EE	  saturates	  as	  fast	  as	  possible	  
	  
	  
Conceptual	  argument	  based	  on	  entanglement	  
wedge	  reconstrucLon.	  
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�
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•  SaturaLon	  is	  determined	  by	  near	  horizon	  physics,	  

and	  EE	  saturates	  as	  fast	  as	  possible	  
	  
	  
Conceptual	  argument	  based	  on	  entanglement	  
wedge	  reconstrucLon.	  

•  Using	  the	  NEC,	  we	  can	  show	  that	  there	  are	  non-‐
trivial	  constraints	  on	  these	  velociLes:	  
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vE  v(SBH)
E , vB  v(SBH)

B ,

vE  vB

Holographic	  results	  on	  entanglement	  



Detailed	  understanding	  of	  how	  HRT	  surfaces	  are	  
behaving	  
•  For	  large	  R,	  we	  can	  understand	  the	  entropy	  

analyLcally	  
•  In	  both	  setups	  the	  minimal	  surfaces	  are	  close	  to	  a	  

criLcal	  surface	  determined	  by	  an	  algebraic	  
equa6on.	  

•  They	  shoot	  out	  to	  the	  boundary	  exponenLally	  fast.	  
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ChaoLc	  spin	  chain	  Hamiltonian:	  
•  Entropy	  growth	  and	  vE:	  

H = �
X

i

(ZiZi+1 � 1.05Xi + 0.5Zi)
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ChaoLc	  spin	  chain	  Hamiltonian:	  
•  Entropy	  growth	  and	  vE:	  

•  Operator	  growth	  [Roberts,	  Susskind,	  Stanford]	  
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CombinaLon	  of	  the	  two	  bounds	  comes	  very	  close	  to	  the	  data	  from	  chaoLc	  systems.	  
•  d=2:	  linear	  growth	  unLl	  saturaLon	  

	  
	  
	  
	  	  

Comparison	  with	  bounds	  	  
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CombinaLon	  of	  the	  two	  bounds	  comes	  very	  close	  to	  the	  data	  from	  chaoLc	  systems.	  
•  d=2:	  linear	  growth	  unLl	  saturaLon	  

	  
	  
	  
	  	  

•  d>2:	  three	  regimes	  
	  
	  
	  
	  
	  
	  
	  
Middle	  regime	  in	  good	  agreement	  with	  holographic	  theories	  
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Operator	  counLng	  model	  [Abanin,	  Ho]	  	  
•  Closer	  in	  spirit	  to	  spin	  chains,	  infinite	  temperature	  
•  The	  reduced	  density	  matrix	  is	  an	  operator,	  so	  it	  also	  spreads	  	  
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Operator	  counLng	  model	  [Abanin,	  Ho]	  	  
•  Closer	  in	  spirit	  to	  spin	  chains,	  infinite	  temperature	  
•  The	  reduced	  density	  matrix	  is	  an	  operator,	  so	  it	  also	  spreads	  	  

	  

	  
•  Second	  Rényi	  entropy:	  

	  
•  Small	  operators	  contribuLon:	  	  

Big	  operators:	  probability	  of	  staying	  inside	  
•  Have	  to	  sum	  over	  all	  operators	  

1

⇢(0) = | "" . . . "ih"" . . . " | =
Y

i

Ii + Zi

2
=

1

2V/2

X

O(0)

O(0)

⇢A(t) =
1

2VA/2

X

O(0)

O(t)A

TrA
�O(t)2A

�
= 2�↵ sthA[O(0)](t�tdelay)

Operator	  growth	  model	  

TrA⇢A(t)
2 ⇡ 1

2VA

X

O(0)

TrA
�O(t)2A

�



Operator	  counLng	  model	  [Abanin,	  Ho]	  	  
•  Closer	  in	  spirit	  to	  spin	  chains,	  infinite	  temperature	  
•  The	  reduced	  density	  matrix	  is	  an	  operator,	  so	  it	  also	  spreads	  	  

	  

	  
•  Second	  Rényi	  entropy:	  

	  
•  Small	  operators	  contribuLon:	  	  

Big	  operators:	  probability	  of	  staying	  inside	  
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Calabrese-‐Cardy	  model:	  energy	  injecLon	  from	  quench	  creates	  a	  finite	  density	  of	  EPR	  pairs,	  
subsequently	  travel	  freely	  at	  the	  speed	  of	  light	  isotropically.	  In	  this	  model	  vB	  is	  not	  captured.	  
•  Leads	  to	  linear	  growth	  with	  	   	   	  in	  2d 	   	   	   	  	  
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FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫

x′∈A

dx′

∫

x′′∈B

dx′′

∫ ∞

−∞

dx

∫

f(p′, p′′)dp′dp′′δ
(

x′ − x − v(p′)t
)

δ
(

x′′ − x − v(p′′)t
)

.

(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max

(

(v(−p′) +
v(p′′))t, ℓ

)

, so that

SA(t) ≈ 2t

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′)(v(−p′) + v(p′′)) H(ℓ− (v(−p′) + v(p′′))t) +

+ 2ℓ

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′) H((v(−p′) + v(p′′))t − ℓ) , (4.2)
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•  Leads	  to	  linear	  growth	  with	  	   	   	  in	  2d 	   	   	   	  	  
	  
	  
•  Higher	  dimensions:	  entanglement	  spreading	  depends	  

on	  entanglement	  palern	  on	  the	  light	  cone	  
ContribuLon	  from	  each	  light	  cone	  has	  to	  be	  added.	  
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saturates. The case where the particles move only along the light cones is shown here for clarity.
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Calabrese-‐Cardy	  model:	  energy	  injecLon	  from	  quench	  creates	  a	  finite	  density	  of	  EPR	  pairs,	  
subsequently	  travel	  freely	  at	  the	  speed	  of	  light	  isotropically.	  In	  this	  model	  vB	  is	  not	  captured.	  
•  Leads	  to	  linear	  growth	  with	  	   	   	  in	  2d 	   	   	   	  	  
	  
	  
•  Higher	  dimensions:	  entanglement	  spreading	  depends	  

on	  entanglement	  palern	  on	  the	  light	  cone	  
ContribuLon	  from	  each	  light	  cone	  has	  to	  be	  added.	  

	  
Bound	  on	  the	  entanglement	  velocity	  from	  SSA:	  
	  

Slower	  than	  holography.	  
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momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
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Calabrese-‐Cardy	  model:	  energy	  injecLon	  from	  quench	  creates	  a	  finite	  density	  of	  EPR	  pairs,	  
subsequently	  travel	  freely	  at	  the	  speed	  of	  light	  isotropically.	  In	  this	  model	  vB	  is	  not	  captured.	  
•  Leads	  to	  linear	  growth	  with	  	   	   	  in	  2d 	   	   	   	  	  
	  
	  
•  Higher	  dimensions:	  entanglement	  spreading	  depends	  

on	  entanglement	  palern	  on	  the	  light	  cone	  
ContribuLon	  from	  each	  light	  cone	  has	  to	  be	  added.	  

	  
Bound	  on	  the	  entanglement	  velocity	  from	  SSA:	  
	  

Slower	  than	  holography.	  
•  In	  strongly	  coupled	  systems,	  entanglement	  propagates	  faster	  than	  what’s	  possible	  for	  

free	  parLcles	  streaming	  at	  the	  speed	  of	  light!	  
•  	  	   	   	  is	  achievable,	  makes	  free	  streaming	  look	  even	  less	  effecLve	  
•  Consider	  the	  effect	  of	  interacLons:	  tensor	  network	  picture	  emerging	  from	  scalering	  

parLcles	  is	  natural	  [Hartman,	  Maldacena;	  Casini,	  Liu,	  MM]	  
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momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).
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In	  a	  free	  theory	  for	  Lme	  dependent	  Gaussian	  states	  the	  symplecLc	  eigenvalues	  of	  the	  
(reduced)	  correlaLon	  matrix	  determine	  the	  entanglement	  entropy.	  
•  Numerical	  results	  for	  3d	  boundary	  state	  quench	  for	  scalar	  field	  [Cotler,	  Hertzberg,	  

MM,	  Mueller]	  
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• 	  Two	  velociLes	  
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Summary	  	  
•  Studied	  EE	  spread	  in	  a	  global	  quench	  
•  Bound	  from	  chaos	  and	  thermal	  relaLve	  entropy:	  

•  In	  holography:	  
•  Can	  solve	  for	  the	  enLre	  	  	  	  	  	  	  	  	  	  curve	  analyLcally	  
•  In	  chaoLc	  spin	  chain:	  
•  Operator	  growth	  model	  saturates	  the	  bounds,	  good	  

agreement	  with	  holography	  and	  the	  spin	  chain	  
•  Free	  streaming	  is	  slower	  than	  holography,	  

quasiparLcle	  picture	  agrees	  with	  free	  theory	  
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Summary	  	  
•  Studied	  EE	  spread	  in	  a	  global	  quench	  
•  Bound	  from	  chaos	  and	  thermal	  relaLve	  entropy:	  

•  In	  holography:	  
•  Can	  solve	  for	  the	  enLre	  	  	  	  	  	  	  	  	  	  curve	  analyLcally	  
•  In	  chaoLc	  spin	  chain:	  
•  Operator	  growth	  model	  saturates	  the	  bounds,	  good	  

agreement	  with	  holography	  and	  the	  spin	  chain	  
•  Free	  streaming	  is	  slower	  than	  holography,	  

quasiparLcle	  picture	  agrees	  with	  free	  theory	  

Open	  ques6ons	  
•  What	  is	  an	  independent	  characteriza6on	  of	  vE?	  	  
•  Can	  the	  bound	  from	  relaLve	  entropy	  be	  saturated	  in	  a	  QFT?	  Are	  the	  holographic	  bounds

	   	   	   	   	  	   	  	  	  	  	  	  	  	  universal?	  
•  The	  velociLes	  and	  ts	  are	  new	  observables	  in	  a	  QFT.	  Are	  they	  calculable?	  

Ø  What	  are	  they	  in	  weakly	  coupled	  theories?	  [vB:	  Stanford]	  	  
Ø  What	  are	  they	  for	  perturbed	  2d	  CFTs?	  [vE:	  Cardy]	  	  
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